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Abstract. In this paper we initiate the study of sub-pluriharmonic curves and free pluriharmonic 
majorants on the noncommutative open ball 

[B{H)"]i := {{Xi,...,X„) e B{nr ■■ IIXiXJ + + < 1}, 

where B{Ti.) is the algebra of all bounded linear operators on a Hilbert space 'H. Several classical results 
from complex analysis have analogues in this noncommutative multivariable setting. 

We present basic properties for sub-pluriharmonic curves, characterize the class of sub-pluriharmonic 
curves that admit free pluriharmonic majorants and find, in this case, the least free pluriharmonic 
majorants. We show that, for any free holomorphic function on [_B(7i)"]i, the map 

(/3 : [0,1) ^ C*(Ri,...,Rn), vir) ■■= e{rRi, . . . ,rR„yeirRi, . . . ,rRn), 

is a sub-pluriharmonic curve in the Cuntz-Toeplitz algebra generated by the right creation operators 
Ri , . . . , Rn on the full Fock space with n generators. We prove that is in the noncommutative Hardy 
space H^^^^ if and only if <f has a free pluriharmonic majorant. In this case, we find Herglotz-Riesz 
and Poisson type representations for the least pluriharmonic majorant of ip. Moreover, wo obtain a 
characterization of the unit ball of H^^^^ and provide a parametrization and concrete representations 
for all free pluriharmonic majorants of ip, when © is in the unit ball of ^^^^,11. 

In the second part of this paper, we introduce a generalized noncommutative commutant lifting 
(GNCL) problem which extends, to our noncommutative multivariable setting, several lifting prob- 
lems including the classical Sz.-Nagy-Foia§ commutant lifting problem and the extensions obtained by 
Treil-Volberg, Foia^-Prazho-Kaashoek, and Biswas-Foia§-Frazho, as well as their multivariable noncom- 
mutative versions. We solve the GNCL problem and, using the results regarding sub-pluriharmonic 
curves and free pluriharmonic majorants on noncommutative balls, we provide a complete description 
of all solutions. In particular, we obtain a concrete Schur type description of all solutions in the non- 
commutative commutant lifting theorem. 



Introduction 

Noncommutative multivariable operator theory has received a lot of attention, in the last two decades, 
in the attempt of obtaining a free analogue of Sz.-Nagy-Foia§ theory [52 , for row contractions, i.e., 
n-tuples of bounded linear operators (Ti, . . . , T„) on a Hilbert space such that 

TiT* + ■■■+ T,,T* < I. 

Significant progress has been made regarding noncommutative dilation theory and its applications to 
interpolation in several variables ([TO], 0, [3S1, [SZ], [35], [H], [13], [S5], [S2], [^, [IS], [5], [J, [17], [TS], 
[S], [SD], [5T], [Si], [53], [57], etc.), and unitary invariants for n-tuples of operators ([35], [3], [1], [15], [H], 

i, m, m, etc.). 

In [53| and [56], we developed a theory of holomorphic (resp. pluriharmonic) functions in several non- 
commuting (free) variables and provide a framework for the study of arbitrary n-tuples of operators on a 
Hilbert space. Several classical results from complex analysis have free analogues in this noncommutative 
multivariable setting. This theory enhances our program to develop a free analogue of Sz.-Nagy-Foia§ 
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theory. In related areas of research, we remark the work of Helton, McCullough, Putinar, and Vinnikov, 
on symmetric noncommutative polynomials ([25], [26|, [2H], [22], [29]), and the work of Muhly and Solel 
on representations of tensor algebras over C* correspondences (see [31], [SI])- 

The present paper is a natural continuation of |53j and [56j . We initiate here the study of sub- 
pluriharmonic curves and free pluriharmonic majorants on noncommutative balls. We are lead to a 
characterization of the noncommutative Hardy space i?baii ™ terms of free pluriharmonic majorants, 
and to a Schur type description of the unit ball of -ffbaii- These results are used to solve a multivariable 
commutant lifting problem and provide a description of all solutions. 

To put our work in perspective and present our results, we need to set up some notation. Let be the 
unital free semigroup on n generators gi, . . . , gn and the identity gg. The length of a G F+ is defined by 
\a\ := if a = go and \a\ -.^ k ii a = gi^ ■ ■ ■ gi^, where . . . , ifc e {1, . . . ,n}. If (Xi, . . . ,X„) e B{H)", 
where B{Ti.) is the algebra of all bounded linear operators on an infinite dimensional Hilbert space 7i, we 
denote := X,^ ■ ■ ■ and Xg^ := In- We recaU (see [S3], [55]) that a map / : [S(H)"]i B{n) is 
called free holomorphic function with scalar coefficients if it has a representation 

oo 

/(Xi,...,X„) =^ daXo., X := {Xi,...,Xn) e [B{nT]i, 

k=Q \a\=k 

where {00}^^^.+ are complex numbers with limsup( ^ laal^)^^^*^ < 1- The function / is in the 

fc^oo \a\=k 

noncommutative Hardy space if 

ll/lloo- sup ||/(X)I|<oo, 

and in if II/II2 (E„eF+ Kl')'/^ < 00. 

We say that h : [B{Ti,)^]i B{H) is a self-adjoint free pluriharmonic function on [_B(7i)"]i ii h — Re f 
for some free holomorphic function /. An arbitrary free pluriharmonic function is a linear combination 
of self-adjoint free pluriharmonic functions. In the particular case when n = 1, a function X 1-^ h{X) 
is free pluriharmonic on [B(Ti.)]i if and only if the function A h{X) is harmonic on the open unit 
disc D := {A G C : |A| < 1}. If n > 2 and h is a free pluriharmonic function on [B{TC)"]i, then 
its scalar representation (zi, . . . , z„) h{zi, . . . , z„) is a pluriharmonic function on the open unit ball 
B„ := {z e C" : ||2;||2 < 1}, but the converse is not true. As shown in [53], [55], several classical results 
from complex analysis, regarding holomorphic (resp. harmonic) functions, have free analogues in this 
noncommutative multivariable setting. 

Let Hn be cLii 7?--diniensional complex Hilbert spa^ce with orthonornicLl bcisis Ci, 62, • ■ ■ 5 

where 

nG{l,2,...}. We consider the full Fock space of iJ„ defined by 

F2(i7„) :=Cl®0i^®^ 

k>l 

where H^'' is the (Hilbert) tensor product of k copies of Hn- Define the left (resp. right) creation 
operators Si (resp. Ri), i — 1, . . . ,n, acting on F^{Hn) by setting 

(resp. Riip := ip®ei, ip G i^^(iJ„)). The noncommutative disc algebra ^„ (resp. TZn) is the norm closed 
algebra generated by the left (resp. right) creation operators and the identity. The noncommutative 
analytic Toeplitz algebra (resp. T^Jf ) is the the weakly closed version of An (resp. 7^„). These algebras 
were introduced in [40j in connection with a noncommutative version of the classical von Neumann 
inequality [M] (see [35] for a nice survey). They have been studied in several papers [35], [SS], [H], 03], 
[H], [ig, [2], and recently in [TT], [H], [T5], [15], [H], [IS], [H], and [53]. 

In Section 1, we introduce the class of sub-pluriharmonic curves and present basic properties. We 
prove that a self-adjoint (i.e. g{r) — g{r)*) map g : [0, 1) — > + Ar} " is a sub-pluriharmonic curve in 
the Cuntz-Toeplitz C*-algebra C*(5i, . . . , Sn) (see 11 ) if and only if 

g{r) < Pi-sigh)] for < r < 7 < 1, 



FREE PLURIHARMONIC MAJORANTS AND NONCOMMUTATIVE INTERPOLATION 



3 



where Pj>c[m] is the iioncommutative Poisson transform of u at X. We obtain a characterization for the 
class of ah sub-pluriharmonic curves that admit free pluriharmonic majorants, and prove the existence 
of the least pluriharmonic majorant. More precisely, we show that a self-adjoint mapping g : [0, 1) — * 

■4* + An has a pluriharmonic majorant if and only if 

sup ||T[g(r)]|| < oo, 

0<r<l 

where r is the linear functional on B{F^{Hn)) defined by t(/) :— (/(I), !)• In this case, there is a least 
pluriharmonic majorant for g, namely, the map 

[0,1) 3r-> u{rSi, rSn) G A;, + aJ'\ 
where the free pluriharmonic function u is given by 

u{Xi,...,Xn) limPi^[5(7)] 

for any X :— (Xi, . . . ,X„) G [i3(7i)"]i and the limit is in the norm topology. 

Let 9 be an analytic function on the open disc D. It is well-known that the map (/? : D ^ R+ defined 
by (p{X) := 1^(A)|^ is subharmonic. A classical result on harmonic majorants (see Section 2.6 in [TB]) 
states that 9 is in the Hardy space i7^(D) if and only if ip has a harmonic majorant. Moreover, the least 
harmonic majorant of (p is given by the formula 

1 it I \ 

MA) =2^/ -^,\Oie^Tdt, AGB. 

In Section 2, we obtain free analogues of these results. We show that, for any free holomorphic function 
6 on the noncommutative ball [i?(7Y)"]i, the mapping 

^ : [0, 1) ^ . . . , i?„), v?(r) = e(ri?i, . . . , ri?„)*e(ri?i, . . . ,ri?„), 

is a sub-pluriharmonic curve in the Cuntz-Toeplitz algebra generated by the right creation operators 
. . . , Rn on the full Fock space with n generators. We prove that a free holomorphic function O is in 
the noncommutative Hardy space i?baii ^^'^ only if ip has a pluriharmonic majorant. In this case, the 
least pluriharmonic majorant ip for p is given by ip{r) := Re VF(ri?i, . . . ri?„), r £ [0, 1), where W is the 
free holomorphic function having the Herglotz-Riesz ([30], [58]) type representation 

W^(Xi,...,X„) = (Me® id) 

for {Xi, . . . , Xn) G [i?(7Y)"]i, where fig : 7^* -I- Tin ^ C is a positive linear map uniquely determined by 
Q. Poisson type representations for the least pluriharmonic majorant are also considered. 

In Section 3, we provide a parametrization and concrete representations for all pluriharmonic ma- 
jorants of the sub-pluriharmonic curve p, where Q is in the unit ball of ff^aii- show that, up to 
a normalization, all pluriharmonic majorants of pi have the form HeF, where -F is a free holomorphic 
function given by 

Fix) = WiX) + {Dr ® /) [/ + G{X)][I - G{X)]-' (Dr ® I) , X e [S(H)"]i, 

where G is in the unit ball of the noncommutative Hardy space iJ^n with coefficients in B{Vr), F is the 
symbol of Q, and Re 14^ is the least pluriharmonic majorant of p considered above. Moreover, F and G 
uniquely determine each other. Using this result, we obtain a characterization of the unit ball of i?bair 
More precisely, we show that is a free holomorphic function in the unit ball of i^baii ^^'^ '^^^Y 
has a Schur type representation 

-I -1 




e{x) = L{x) 



H~yx,M,{x) 



for X := (Xi,...,X„) G [S(H)"]i, 



where [L Mi ■ ■ ■ Af„] * (* is the transpose) is a free holomorphic function in the unit ball of the 
noncommutative Hardy space iJ^^n with coefficients in C". 
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We should mention that all the results of this paper are obtained in the more general setting of 
sub-pluriharmonic curves (resp. free pluriharmonic majorants) with operator-valued coefficients. 

The celebrated commutant lifting theorem (CLT), due to Sz.-Nagy and Foia§ [61] for the general case 
and Sarason [5^ for an important special case, provides the natural geometric framework for classical and 
modern interpolation problems. For a detailed analysis of the CLT and its applications to various 
interpolation and extension problems, we refer the reader to the monographs 21j and 22J. 

In the present paper, we introduce a generalized noncommutative commutant lifting (GNCL) problem, 
which extends to a multivariable setting several lifting problems including the classical Sz.-Nagy-Foia§ 
commutant lifting [61, and the extensions obtained by Treil-Volberg Foia§-Frazho-Kaashoek [53], 
and Biswas- Foia§-Frazho [7] , as well as their multivariable noncommutative versions [37] , [H] , [IS] , [5D] , 
[ST] , [51] . While, in the classical case, there is a large literature regarding parametrizations and Schur 
( |60| ) type representations of the set of all solutions in the CLT (see [H]: [l^i [13]j etc.), very little 
is known in the noncommutative multivariable case (see [51]). In the present paper, we try to fill in this 
gap. 

A hfting data set {A, T, V, C, Q} for the GNCL problem is defined as follows. Let T (Ti, . . . , r„), 
Ti e B{H), be a row contraction and let V :— {Vi, . . . , Vn), Vi G B{IC), be the minimal isometric dilation 
of T on a Hilbert space K. D Ti, in the sense of [37]. Let Q := {Qi, ■ ■ ■ ,Qn), Qi G B{Oi,X), and 
C:= (Ci,...,C„), a eB{g^,X), be such that 

Consider a contraction A e B{X,Ti,) such that 

TiACi — AQi, i — 1, . . . , 71. 

We say that i? is a contractive interpolant for A with respect to {A,T, C, Q} if _B G B{X,IC) is a 
contraction satisfying the conditions 

P-hB = A and V^BC^ = BQ^, i = 1, . . . , n, 

where Pu is the orthogonal projection from IC onto TL. The GNCL problem is to find contractive 
interpolants B of A with respect to the data set {A, T, V, C, Q}. 

In Section 4, we solve the GNCL problem and, using our results regarding sub-pluriharmonic curves 
and free pluriharmonic majorants on noncommutative balls, we provide a Schur type description of all 
solutions in terms of the elements of the unit ball of an appropriate noncommutative Hardy space 
(see Theorem 14. 2p . Our results are new, in particular, even in the multivariable settings considered in 
[37] . [41], [45], [50], [51], and [l^. Here we point out some remarkable special cases. 

If the data set {A, T, V, C, Q} is such that Qi = X, Ci = Ix, Qi = Yi £ B{X), for each i — 1, . . . , n, 
and Y :— (Yi, . . . , Yn) is a row isometry, we obtain (see Theorem 14. 8p a parametrization and a concrete 
Schur type description of all solutions in the noncommutative commutant lifting theorem {[37 ). On the 
other hand, when Gi — X and Ci = Ix for i = 1, . . . ,n, we obtain a description of all solutions of the 
multivariable version [50] of Treil-Volberg commutant lifting theorem p3]. The GNCL theorem also 
implies the multivariable version "50] of the weighted commutant lifting theorem of Biswas- Foia§-Frazho 

m- 

Finally, we remark that, when applied to the interpolation theory setting, our results provide complete 
descriptions of all solutions to the Nevanlinna-Pick ([33], [M]), Caratheodory-Fejer ([S], [TO]), and Sarason 
([55]) type interpolation problems for the noncommutative Hardy spaces if^n and -ffbaii' '^^^^ 
consequences to (norm constrained) interpolation on the unit ball of C". These issues will be addressed 
in a future paper. 

1. Sub-pluriharmonic curves in Cuntz-Toeplitz algebras 

In this section we initiate the study of sub-pluriharmonic curves and present some basic properties. 
We obtain a characterization for the class of all sub-pluriharmonic curves which admit free pluriharmonic 
majorants, and find the least pluriharmonic majorants. Some of the results of this section can be extended 
to the class of C*-subharmonic curves. 
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We need to recall from [56j a few facts concerning the noncommutative Berezin transform associated 
with a completely bounded linear map /i : B{F^{Hn)) — * B{£), where £ is a separable Hilbert space. 
This is the map 

: BiF^iHn)) X ^ B{£) ®™„ 

defined by 

B^if,X):=fl[B*xif^lH)Bx], feB[F\H^)), X := (Xi, . . . , X„) e 
where the operator Bx G B{F'^{Hn)) ® Ti) is given by 

Bx (/F2(ff„) ® Ax) (/ - i?i ® X* i?„ X;)-' , 

Ax := (/w - ELi Mr)^/^ and 

:= ^ ® id : B{F^{Hn)) ®™„ ^ B(f ) ®„„ B{H) 

is the completely bounded linear map uniquely defined by /!(/ (g) F) := ® F for / G B{F'^{Hn)) and 

res(w). 

An important particular case is the Berezin transform B^, where r is the linear functional on B{F'^{Hn)) 
defined by r(/) := (/(I), 1). This will be called Poisson transform because it coincides with the noncom- 
mutative Poisson transform introduced in [46 . More precisely, we have 

Br{f,X)^Px{f) ■.= K*x{f®I)Kx, 

where Kx = Bx\i®'H ■ ^ F^{Hn) <E)'H is the noncommutative Poisson kernel. We recall from |46] that 
the restriction of Px to the C*-algebra C*{Si, . . . , Sn), generated by the left creation operators, can be 
extended to the closed ball [i?(7i)"]j^ by setting 

Px[f]:=\im K^{f'S>I)Krx, X £ / G . . . , 5„), 

where rX := {rXi, . . . , rXn), r G (0, 1), and the limit exists in the operator norm topology of B{TL). In 
this case, we have 

PxiSo^SD - X^X; for any a, /? G F+. 
When X :— {Xi, . . . ,X„) is a pure n-tuple, i.e., '^\a\=k -^^X* ^ 0, as fc — > oo, in the strong operator 
topology, then wc have Px{f) = K^{f ^ I)Kx- The operator-valued Poisson transform at X G [i3(7i)"]i 
is the map Px ■ B{£ ® F^{H„)) ^ B{£ (E) H) defined by 

PxM := {h ® K*x){u ® In){h ® Kx) 

for any u G B{£ ® F^{Hn))- We refer to [35], [3H]j [3S]j and [IS] for more on noncommutative Poisson 
transforms on C*-algebras generated by isometrics. 

Let Vn be the set of all polynomials in Si, . . . ,Sn and the identity, and let denote (throughout 
the paper) the spatial tensor product B(£) (g) Pn- A pluriharmonic curve in the (spatial) tensor product 

B{£) (8)mm C* {Si, . . . , Sn) is & map ip : [0, 7) P* + "Pn ' satisfying the Poisson mean value property, 
i.e., 

(^(r) = Piis[v?(t)] for < r < t < 7, 

where S := {Si, . . . ,S'„). According to [56], there exists a one-to-one correspondence u ^ ip between 
the set of all free pluriharmonic functions on the noncommutative ball of radius 7, [B{H)"].y, and the 

set of all pluriharmonic curves ip : [0, 7) P* + T',, " " in the tensor product B{£) iSimin C*{Si, . . . , Sn)- 
Moreover, we have 

u{X) = Pi^x[ip{r)] for X G [S(H)"]^ and r G (0,7), 

and ip{r) — u{rSi, . . . , rSn) if r G [0, 7). We also solved in |56| a Dirichlet type extension problem which 
implies that a free pluriharmonic function u has continuous extension to the closed ball [B{H)"]^ if and 

only if there exists a pluriharmonic curve tp : [0,7] — > T'* +7^,1" " such that u{X) = Pi.^ [</'(?')] for 
any X G [B{H)^]r and r G (0,7]. We add that u and ip uniquely determine each other and satisfy the 
equations u{rSi, . . . ,rSn) = ip{r) if r G [0,7) and 1^9(7) = lim u{rSi, . . . ,rSn), where the convergence 
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is in the operator norm topology. Now, we can introduce the class of sub-pluriharmonic curves in the 
tensor algebra B{£) ®min C*{Si, . . . , Sn)- We say that a map 

^■.[0,l)^rn + rn" with ^(r) =i^(r)*,r e [0,1), 
is a sub-pluriharmonic curve provided that for each 76 (0, 1) and each self-adjoint pluriharmonic curve 
^ : [0,7] ^ V*^ + vJ'\ if V(7) < ^il), then 

iplr) < ip{r) for any r G [0,7]. 

Our first result is the following characterization of sub-pluriharmonic curves. 

Theorem 1.1. Let g : [0,1) — > T'* +7'„" " be a map with g{r) = g{r)* for r £ [0,1). Then g is 
sub-pluriharmonic if and only if 

g{r) < Prs[ff(7)] for < r < 7 < 1. 

The equality holds if g is pluriharmonic. 

Proof. Assume that g is sub-pluriharmonic and let < r < 7 < 1. Since g{j) G P* -f "Fn" ", one can use 
Theorem 4.1 from to deduce that the map u : [B{H)'^]j — > B{£) ®min B{H) defined by 

u{X)=P^J,[gi^)] for Xe[Biny% 

1 

is free pluriharmonic on [B{T-L)'"-]-y and has a continuous extension to [B{l-L)'^]^ . In this case, we have 

(7(7) = limt^^ u{tSi, . . . , tSn). Moreover, if ip : [0, 7] ^ -|- Pn" " is the pluriharmonic curve uniquely 
associated with the free pluriharmonic function u, then 

v{r)^P^s[g{l)] for re [0,7]. 

Since g is a sub-pluriharmonic curve and 5(7) = fij), we deduce that 

g{r) < if{r) = Pr.s[gh)] for any r £ [0,7]. 

Conversely, assume that g has the property that 

(1.1) g{r) < Prs[5(7)] for any < r < 7 < 1. 

Let (fi : [0,7] P* +7'„" " be a pluriharmonic curve such that ip{r) = '/'(r)* for r G [0,7], and assume 
that 5(7) < <y3(7). Since 5(7) and V'(7) are in -6(5) ^min C'*('S'i, . . . , S„) and the noncommutative Poisson 
transform is a positive map, we deduce that 

(1.2) P^s[5(7)] < P^s[</'(7)], 0<r<7. 

On the other hand, since <y9 is a pluriharmonic curve on [0, 7], we have ip{r) — F s[^il)] for < < 7- 
Hence, using relations p.l|) and (|1.2p . we deduce that g{r) < ip{r) for any r G [0,7]. The proof is 
complete. □ 

As a consequence of Theorem 11.11 we remark that if ui,...,Uk are sub-pluriharmonic curves and 
Ai, . . . , Afc are positive numbers then AiUi + - ■ ■-\-XkUk is sub-pluriharmonic. Notice also that a self-adjoint 

function u : [0, 1) — > 7^* -I- 7-*„" " is pluriharmonic if and only if both u and — u are sub-pluriharmonic. 

We recall (see Lemma 2.3 from [56]) that if 71 > and < 7^ < 1 for j = 2,...,fc, then the 
noncommutative Poisson transform has the property 

Pli-lkX = o o • • • o P^^s 

for any X G [-B(H)"]j_, where S := (5*1, . . . ,S'„) is the ?i-tuplc of left creation operators on the Fock 
space F'^{Hn). Moreover, we have 

(1-3) Pfi-lkXig] = (Pt-iX o P72S o • ■ ■ o P7.S) [5] 

for any g € B{£) ®„„ B{F^{H„)). 
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Corollary 1.2. Let g : [0, 1) — > T'* + T'n" " be a sub-pluriharmonic curve and let t be the linear func- 
tional on B{F'^{Hn)) defined by T{f) := (/(I), 1). Then 

(i) P^s[5(7i)] < P^s[<?(72)] /or < r < 71 < 72 < 1; 

(ii) g(0) < T[ghi)] < T[gil2)] for O < 71 < 72 < l, where t := t id; 

(iii) T[gm<r[9ili)] /orO<7i < 1. 

Proof. According to Theorem 1 1.11 we have 

(1.4) g{r) < P^s[g(72)] for < r < 72 < 1, 

which impUes 

5(71) < 'PixsldM] for < r < 71 < 72 < 1. 
Hence, using (jl.3p and the positivity of the noncommutative Poisson transform, we deduce that 

(1-5) P^s[<?(7i)] < (P^5 ° Piis) [5(72)] = P^5[5(72)] 

for < r < 7i < 72 < 1. Passing to the Umit in (|1.5p . as r ^ 0, and using the continuity of the 
noncommutative Berezin transform, we deduce that 

ng(7i)] = Po[5(7i)] < Po[ff(72)] = T[g{l2)]- 
Notice also that relation (|1.4p . implies 

5(0) < Po[<?(7i)] = ?[.9(7i)] for < 71 < 1- 
Part (iii) is now obvious. This completes the proof. □ 

If g is a sub-pluriharmonic curve on [0, 1) and h is pluriharmonic on the same interval such that 
g{r) < h{r), r £ [0,1), we say that /i is a pluriharmonic majorant for g. The next result provides a 
characterization of all sub-pluriharmonic curves which admit free pluriharmonic majorants. In this case, 
we find the least pluriharmonic majorant. 

Theorem 1.3. Let g : [0, 1) ^ T'* + Vn be a sub-pluriharmonic curve. Then there exists a plurihar- 
monic majorant of g if and only if 

(1.6) sup ||f[g(r)]|| < 00, 

0<r<l 

where r := T(g)id and r is the linear functional on B{F'^{Hn)) defined by T{f) := (/(I), 1). In this case, 
there is a least pluriharmonic majorant for g, namely, the map 

[0,l)3r^uirSu---,rSn)eri+vJ'\ 
where the free pluriharmonic function u is given by 

w(Xi,...,X„) limPi;,[5(7)] 

7 — >\ 1 

for any X := (Xi, . . . ,X„) G [i3(7i)"]i o,nd the limit is in the norm topology. 

Proof. Assume that it is a pluriharmonic majorant for g, i.e., 

3(7) < for any 7 G [0, 1). 

Since r is a positive map, we deduce that t[(?(7)] < t[u(7)], 7 G [0, 1). According to Theorem II. li we 
have 

5(0) <t[5(7)] for 7^ (0,1). 
Since u is a pluriharmonic function, we have 'r[u(7)] = u(0). Using these relations, we deduce that 

5(0) < f [5(7)] < "(0) for 7e (0,1). 

Taking into account that the operators 5(0), u(0), and ^[(7(7)], 7 G (0, 1), are selfadjoint, one can easily 
obtain (fTTB)) . 
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Conversely, assume that relation ()1.6|) holds. Define : [0,7) "P* + P„ by setting 

(1.7) /i^(r) :=Prs[5(7)] for < r < 7. 

Since g is sub-pluriharmonic, is a pluriharmonic majorant for g on [0,7). Notice that if / : [0, 1) 

+?-'„" " is continuous and pluriharmonic on [0,7] such that /(r) > g{r) for any r G [0,7], then 
f{r) > h^{r) for r G [0,7). Indeed, since /(7) > 5(7), the Poisson transform is a positive map, and / is 
pluriharmonic, we have 

f{r)=Vr.s[fm>Vr.s[g{i)]^h.,{r) 
for r G [0,7). This shows that hj is the least pluriharmonic majorant of g on [0,7). 

Now let < 7 < 7' < 1. Since hji is pluriharmonic majorant for g on [0, 7'), it is also a pluriharmonic 
majorant for g on [0,7). Due to our result above, we have 

h-y{r) < h^'{r) for any r £ [0,7). 
Due to relation (|1.7p . we have h^{0) = ^[5(7)] for < 7 < 1 and, therefore, 

sup \\h^iO)\\ = sup ||t[5(7)]|| < 00. 

0<7<1 0<7<1 

Now, each h-y generates a unique pluriharmonic function on [i?(7i)"]^ by setting 

(1.8) u^{X) := Pixih-yit)] for X e [B{'Hy']t and t £ [0,7). 
If < 7 < 7' < 1, then 

u^{X) < uy{X) for X e [B{ny']y. 

Since 

sup 11/17(0)11 — sup ||m^(0)|| < 00, 

0<7<1 0<7<1 

we can use the Harnack type convergence theorem from [5 6) to deduce the existence of a pluriharmonic 
function u on [_B(7i)"]i such that its radial function satisfies u(r) := u{rSi, . . . , rSn) = lim^^i u-y{r) for 
any r G [0, 1), where the convergence is in the operator norm topology. On the other hand, using relation 
(jl.Sp . the fact that h.y is pluriharmonic on [0,7), and relation (II. 7|) . we have 

uy{r) = P^s[h^{t)] = h^ir) - P^sbil)] for < r < t < 7. 

Since h-y > g on [0,7) for each 7 G (0, 1), we deduce that u > g on [0, 1). If / is any pluriharmonic 
majorant for g on [0, 1), then, as previously shown, we have f > h-y on [0,7) for each 7 G (0, 1). Hence, 
/ > u on [0, 1). Therefore, we have shown that u : [i3(H)"]i ~~f B{£) ^min B{H) defined by 

u{X) = hm Pix[h-M = lim Pi^ \P±s[9m 

7^1 * 7^1 * L T 

= lim Pi ^[5(7)] 

7^1 f 

for X G [B(7i)"]t and t G (0,7), is a pluriharmonic function on [B{Ti,)"']i. Moreover, its radial function 
u{t) = limj.^1 P ±s[g{r)], t G [0, 1), is the least pluriharmonic majorant of g. This completes the proof. □ 

Now we can prove the following maximum principle for sub-pluriharmonic curves. 

Theorem 1.4. IJ g is a sub-pluriharmonic curve on [0, 1) and g{0) > g(r) for any r G [0, 1), then g is a 
constant. 

Proof. Since r is a positive map, we have T[(7(r)] < T[g(0)] for r G [0, 1). Hence and using Corollarv ll.21 
we deduce that 

(1.9) g(0) < T[g{r)] < T[g{0)] for r G (0, 1). 



-IMI 



On the other hand, since g(0) is in "P* + P„ , so is ip :~ "^[.9(0)] ^ .9(0)- Moreover, Lp is positive with 
t{(P) = 0. Using Theorem 4.1 from [56i, the pluriharmonic function h associated with (p, i.e., h{X) = 
Px[p], X G [i?(7i)"]i, is positive and h(0) — 0. Due to the maximum principle for free pluriharmonic 
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functions (see Theorem 2.9 from |56j). we deduce that h — 0. Since tp = hm^^i h{rSi, . . . , rSn), we also 
have (f = 0, whence 17(0) = r[(7(0)]. Due to relation ()1.9p . we have 

(1.10) T[5(r)] = .g(0) for r G [0, 1). 

Hence and using the fact that 17(0) > g{r), r G [0, 1), we deduce that T[(7(r)] — g{r) > for r G (0, 1). A 
similar argument as before implies g{r) — T[g(r)] for r G (0, 1). Now taking into account (jl.lOp . we get 
g{r) = g{Q) for r G [0, 1). Therefore, T[g(r)] = ^[^(O)] — g{Q) for r G [0, 1). This completes the proof. □ 

A few remarks are necessary. We say that a map ip : [0,7) — > B{£) ®min C*{Si, . . . , Sn) is a C*- 
harmonic curve if it satisfies the Poisson mean value property, i.e., 

(p{r) = Pi.si'^it)] for < r < t < 7. 

According to [56], there exists a one-to-one correspondence u t— > (/s between the set of all C*-harmonic 
functions on the noncommutative ball [i?(7Y)"]^ and the set of all C*-harmonic curves (p : [0,7) — * 
B{S) ®miri C*{Si, . . . , Sn)- Wc Say that a map 

V-: [0,l)^B(f)®™„C*(5i,...,^„) with V(0=V'(0*,^e [0,1), 

is a C* -subharmonic curve, provided that for each 7 G (0, 1) and each C*-harmonic curve tp on the closed 
interval on [0, 7] such that ip{r) = (p{r)* for r G [0, 7], if '0(7) < vil), then ip{r) < ip{r) for any r G [0, 7]. 
We remark that Theorem 11.11 and Corollary 11.21 have analogues for C*-subharmonic curves. Since the 
proofs are similar, we shall omit them. Notice also that any sub-pluriharmonic curve is C*-subharmonic. 

Finally, we mention that all the results of this section can be written for sub-pluriharmonic curves in 
the tensor algebra B{£) (S>min C*{Ri, . . . , i?n), where Ri, . . . , Rn are the right creation operators on the 
full Fock space. 



2. Free pluriharmonic majorants and a characterization of iJ^aii 

In this section we show that, for any free holomorphic function O on [_B(?i)"]i with coefficients in 
B{£,y), the mapping 

if : [0, 1) B{£) ®™„ C*(i?i, . . . , i?„), ^(r) = e(ri?i, . . . , ri?„)*e(ri?i, . . . ,ri?„), 

is a sub-pluriharmonic curve. We prove that Q is in the Hardy space iJ^aii if ^^'^ only if (p has a 
pluriharmonic majorant. In this case, we find Hcrglotz-Ricsz and Poisson type representations for the 
least pluriharmonic majorant of ip. 

First, we introduce some notation. Recall that iJ„ is an n-dimensional complex Hilbert space with 
orthonormal basis ei, 62, ... , e„, and the full Fock space of iJ„ is defined by F'^{Hn) '■— CI ffi®fc>i H'^'^ . 
Let F+ be the unital free semigroup on n generators gi, . . . and the identity go- We denote Cq. := 
® • • ■ (g) Cij^ if a = gii---gi^, where h, ... ,ik G {l,...,n}, and := 1. Note that {ea}a(zr+ 
is an orthonormal basis for F^{Hn). We denote by d the reverse of a G F+, i.e., d — gi^ ■ ■ ■ gik if 
a = ffji • • - ffifc G F+. 

Let 9 : [B(TC)"]i B{£,y) ®„iin B{H) be a free holomorphic function on [B{H)"]i with coefficients 
in B{£,y) (in this case we denote Q G Hhai\{B {£ , y))) . Assume that Q has the representation 

00 

(2.1) e(Xi,...,X„) ^ 

fc=0 \a\=k 

We say that 9 is in the noncommutative Hardy space i?baii if there is a constant c > such that 
'^ae¥+ ^{a)^{a) ^ ^/f . When we want to emphasize that the coefficients of 9 are in B{£, y), we denote 

1/2 

Q G HLuiB{£, y))- If wc set ||9||2 := EaeF+ ^(a)^(a) < 0°. then (H^^^^, \\ ■ Ha) is a Banach space. 
We associate with each 9 G i?baii the operator F : f — > 3^ i^^(iJ„) defined by 

(2.2) Fa; ^ A(„)a;(X)e5, xe£. 
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We call r the symbol of Q. We will see later that Fx = limr^i 0(ri?i, . . . , ri?„)(x(8> 1), x € £. Conversely, 
if r is an operator given by (12. 2p . then relation (12. 1|) defines a free holomorphic function 8 in iJ^air 
Moreover, one can show that Q £ i?baii ^^'^ '^^^ symbol F uniquely determine each other. 

Lemma 2.1. Let Q be a free holomorphic function in H^^^^{B (£ , y)) and let T be its symbol. Then Q 
has the state space realization 



e{Xi, . . . ,X„) [E*y{Iy ® Pc) <E> Ih] 



ly ® ( If^H„)^H - 5Z ® 



(r ® In) 



for {Xi,. . . , Xn) e [i?(7i)"]i, where Ey : y ^ y iSi F^{H„) is defined by setting Eyy = y ®l, and Pc 
denotes the orthogonal projection of F^(Hn) on C. 

Proof. Assume that Q has the representation 'd{Xi, . . . , Xn) ■= J2T=o^\a\=k ^{a) ® Xa for some coef- 
ficients A(a) e B{£,y), and let T : £ ^ y F'^{Hn) be its symbol defined by relation (1^ . Notice 
that 



A^^)^E*y{Iy®Pc)iIy^S*^)r, aeF^ 



Therefore, we have 



k=0 \a\=k 



[E-^ily ® Pc) ^ Ih] 



E E iiy®s*^)®x^ 

k=0 \a\=k 



(r ® Ih) 



= [E^ily ^ Pc) ® Ih] yy(sF^(H„)<>sH - Y,Iy (E) S* (g) X,j {T (g, Ih) 
for any (Xi, . . . , X„) e [B{H)'']i. This completes the proof. □ 

Now we introduce a large class of sub-pluriharmonic functions. 

Theorem 2.2. Let 8 be a free holomorphic function on [B{Ti.)'^]i with coefficients in B{£,y). Then the 
map 

ip{r) := QirRi, . . . ,rRn)*eirRi, . . . ,rR„), r G [0,1), 
is a sub-pluriharmonic curve in the tensor algebra B{£) ®mm C*{Ri, • ■ ■ , Rn)- 



Proof. First, assume that 8 is a free holomorphic function in -ff^aii ^^'^ ^ symbol (see 

Define the free holomorphic function on [i?(7i)"]i by setting 



(2.3) 



W{Xi, . . . , X„) := (F* Ih) yy<»FHH^)f8H +J2ly®S*g> X,j 

^Iy»F^Hr.)<»H-J2ly(SS*(gx}j {T(E)Ih). 
Consider the noncommutative Cauchy kernel 

'fiX,,...,Xn):= (ly^FHH„)^H~J2^y^^^^^^ ' iX,,...,Xn)e[Bin)"]i. 
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Notice that $ is a free holomorphic function on [i3(7i)"]i and 
. . . ,Xn) — Iy^F^(H„)(sn 



(2.4) 



\ 



vj=l 



A closer look at the definition of the free holomorphic function W (see (|2.3I) ') reveals that 

(2.5) w{Xi, Xn) = (r*r <E> In) + 2(r <E)in)lj2^y'^ ® ^(^1' • • • , ^n)(r ® / 



Now, we use Lemma [2 . II when H :— F'^{Hn) and Xi := rRi, i = 1, . . . ,n , for r G [0, 1). Note that due 
to the fact that Pc = If2{h„} — SiSl — ■ ■ ■ — SnS^ and using relation (|2.4p . we deduce that 

e(ri?i,...,ri?„)*e(ri?i,...,ri?„) 

= (r* (g) Ip^Hr,)) (^Iy(SF^Hr,)<»F2{H„) -Y^Iy ® S^ig) rR*^ 

X (/j; «> Pc «) If^h^)) Iy®F^(H„)®FHH^) - ^ly ® S* rRi 



(r*«)/j.2(H„))$(ri?i,...,ri?„) 



X •^{rRi, . . . ,rRn){T (X) Ip2^H^)) 
= (r* Ip-HH^))^{rRi. rRn)*^{rRu ri?„)(r ® /F^(ff„)) 



(r*®/j.2(^^))$(ri?i,...,ri?„) 



$(ri?i,...,ri?„)(r®/;.2(jj^)) 



(r* 0/j.2(H„)) 



+ ( ® ® ''^t ) *(r-i?i, • • • , 



vi=l 



h(»FHH„)cx,FHH^) + ^{rRi, ■ ■ . ,ri?„) X!^^ S^(E)rR* 



\ 4=1 



(rcg)/;.2(^,^)) 



(r*«)/j.2(^„))$(ri?i,...,ri?„ 



$(ri?i,...,ri?„)(r®/;.2(ff„)) 



(r*r /i.2(H„)) + (r* ® /i.2(H„)) ly^S,^ rP* j $(ri?i, . . . , ri?„)*(r /i.2(H„)) 

+ (r* /j.2(^^))$(ri?i, . . . , ri?„) ® ® "^^i^ (r ® ^i=^2(H„)) 

+ (r* (g) /j.2(H„))$(ri?i, . . . , ri?„)* 7:^; S-j- ® rR* 

- (r* Ip2^H^))<S>{rRi, . . . , ri?„)* I /j; S-jS*; /F2(ff„) I $(ri?i, . . . , ri?„)(r ® If^h^))- 
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Hence and using relation p.5|) . we deduce that 
e(ri?i,...,ri?„)*0Mi,---,^^n) 

= ^ [W{rRi, rRn) + W{rRx, ri?„)*] - (1 - r^){T* ® /;^2(^„))$(ri?i, . . . , ri?„)* 

(2.6) 

^/j; ® Cg)/;^2(jj„) ] ^{rRi,...,rRn){T(E)Ip2i^H„)) 
for any r £ [0, 1). Consequently, we have 

(2.7) e(ri?i, . . . , rR„rQ{rRu . . . , ri?„) < i [W{rRu . . . , ri?„) + M^(ri?i, . . . , ri?„)*] 

for any r G [0, 1), which proves that is a free holomorphic function with positive real part. 
For each s G [0, 1), define the operator : y ® F'^{H.a) y ® F^{Hn) by setting 

As ^ ® e„ := ^ ha® s'"'ea, ^ \\haf < oo. 

\cteF+ / aeF+ ctGF+ 

It is easy to see that is a positive operator such that ||As|| < 1 and linis^i A^ = / in the strong 
operator topology. Note also that 

(2.8) Asily Si) ^ s{Iy S^)As, i = l,...,n. 

Fix s G [0, 1) and set QsiXi,..., X„) e{sXi, sX„) for Xi, . . . , X„) G [S(W)"]i. It clear that 
9s is free holomorphic on an open neighborhood of [B(TC)"]i and, therefore, continuous on the closed 
ball [B{'H)^]i . Let Fs be the symbol operator associated with 6^ (see relation (|2.2p l and let Wg be the 
operator associated to Tg (by relation p.5p ). Then we have Fs = AgF, where F is the symbol associated 
with Q. Due to relations (12.511 and (12.811. we deduce that 



WgiXi,...,X^) - (T* Air (S) In) + 2ir*Ag® In) \^^Iy S* ® X,j $(Xi, . . . , X„)(AsF ® /„) 

= (F*A2f ® In) + 2(F*A2 ® /«) ly ® S* «> sX,^ $(sXi, . . . , sX„)(F ® /^^). 

Consequently, Wg is a free holomorphic function on an open set containing the closed ball [B{H)"]i , and 

(2.9) SOT- lini Wg ^ W. 

Now, from the first part of the proof (see (|2.6p ). we have 

ReWg{rRi, . . . ,ri?„) - Qg{rRi, . . . ,rRn)*eg{rRi, . . . ,ri?„) 

= (1 - r2)(F: /j.2(H„))$(ri?i, . . . , ri?„)* ly r^S.S* 2(h„) 

X $(ri?i,...,ri?„)(rs«'/_F2(H„)) 
= (1 - r2)(F* /j.2(H„))$(sri?i, . . . , sri?„)*(As ® /F^(ff„)) 

X (E> r^SjS* ® If^(h„^ (As ® lF^H^))HsrRi. sri?„)(F If^h„)) 

for any r G [0, 1). Hence we deduce that 

(2.10) ReWgirRi,...,rRn) > es(ri?i, . . . , ri?„)*es(ri?i, . . . , ri?„) 

for any r G [0, 1). Moreover, taking into account the continuity (in the norm operator topology) of the 
free holomorphic functions 8s and Wg on the closed ball [B{H)"]i , the continuity of the map 

[0, 1] 9 r $(sri?i, . . . , sri?„). 
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we deduce that 

(2.11) ReWs{Rl,...,Rn) = QsiRl, ■ ■ ■ , RnYQsiRl, ■ ■ ■ , Rn) 

for any s € [0, 1). 

Now, we prove that the map ip is a sub-pluriharmonic curve. Fix s G (0, 1) and assume that u is a free 
holomorphic function on [i3(7i)"]s and continuous on the closed ball [B{H)'^]j such that 

(2.12) e{sRi, sRn)*QisRi, sRn) < Reu{sRi, sR„). 

Let t e (s, 1) and set O' :— Qt- Since Q' is in i?baii' ^'^^ be the free holomorphic function associated 
with Q' (according to relation [2. 3p . Now, we can apply the results above (see (|2.1ip ) to Q' and W' and 
obtain 

(2.13) Reiy;(i?i, . . . , i?„) = e;(i?i, . . . , i?„)*e;(i?i, . . . , i?„) 

for any t e [0, 1). Using ((27T3)) and (l27T2l) . we have 

ReWLiRu..., Rn) - e'^ (i?i, . . . , Rn)*e'^ (i?i, . . . , Rn) 

= e(si?i,...,si?„)*e(si?i,...,si?„) 

< Reu{sRi, . . . , sRn)- 
Employing the noncommutative Poisson transform, we deduce that 

Re VFi (7i?i, . . . , jRn) = Pjr [Rc W^i (i?i, . . . , R„ 

< PjR [Reu{sRi, sRn)] 

< Reu{-ysRi, . . . , 7si?„) 

for any 7 £ [0, 1). Consequently, applying inequality (|2.10p to Q' and W' , we have 

(7i?i, . . . , 7i?n)*e'| (7i?i, . . . , 7i?„) < Re Wi {^Ri, jR„) < Re u{jsRi, jsRn) 
for any 7 G [0, 1). Hence, we deduce that 

Q{sjRi, . . . , s7_R„)*e(s7i?i, . . . , S7i?„) < Reu{sjRi, ... , sjR„) 
for any 7 e [0, 1). Therefore, 

e(ti?i, . . . , tRn)*e{tRi, tRn) < Reu{tRi, tR,-,) 
for any t G [0, s]. This proves that 1/3 is a sub-pluriharmonic curve. The proof is complete. □ 

Let pf™), m — 0,1, . . ., be the set of all polynomials of degree < m in ei, . . . , e„, i.e., 

T^t™) := span{e„ : a G F+, |a| < to} C F^{H,,), 

and define the nilpotent operators r["^^ : — > 7^(™) by 

Pp(„)i?j|p(„) , i = l,...,n, 

where Ri, . . . , i?„ are the right creation operators on the Fock space F^{Hn) and P-p{m) is the orthogonal 
projection of F^{Hn) onto p("). Notice that i?!™' = if |a| > to + 1. 

We can provide now a characterization of the noncommutative Hardy space ff^aii terms of pluri- 
harmonic majorants. 

Theorem 2.3. Let he a free holomorphic function on [_B(7i)"]i with coefficients in B{£,y). Then Q 
is in i^baii */ '^'^'^ onZt/ i/ f/ie map ip defined by 

^(r) := e(ri?i, . . . , ri?„)*e(ri?i, . . . , ri?„), r G [0, 1), 
has a pluriharmonic majorant. In this case, the least pluriharmonic majorant -tjj for ip is given by 

(2.14) ^P{r) ■.= ReW{rRi,...rR„), rG[0, 1), 
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(2.15) W^(Xi,...,X„) = (^e®id) 



where W is the free holomorphic function having the Herglotz-Riesz type representation 

\ i=l J \ 1=1 / 

for (Xi, . . . , Xn) e [i?(7Y)"]i, where fig : 7?.* + TZn —>■ B{£) is the completely positive linear map uniquely 
determined by the equation 

(2.16) {MRs)^, V) ■■= lim (e(ri?i, . . . , rR„)*iIy 5S)e(ri?i, . . . , ri?„)(a: ® 1), (y ® 1)) 

r^l 

/or a e and x,y £ £. 

Proof. According to Theorem 12. 21 ip is a. sub-pluriharmonic curve in B{£) i^min C*{Ri, . . . , i?„). Assume 
that ip has a pluriharmonic majorant. Let u be a free pluriharmonic function on [i?(7Y)"]i with coefficients 
in B{£) such that (p{r) < u{rRi, . . . , rRn) for any r G [0, 1). Let <d have the representation 

oo 

(2.17) e(Xi,...,X„) ^ (Xi,...,X„) e [i?(7^)"]i, 

fc = |Q|=fe 

and let u have the representation 

oo oc 
w(Xl,...,X„)-^ ^ ^ (Xi,...,X„) e [B(H)"]l. 

fc=l|a|=fc fc=0|a|=fc 

Notice that i?(o) > and, for each h £ £ and r e [0, 1), we have 
^ r^l"! ||A(„)/^f = ||e(ri?i, . . . , ri?„)(/^ ® l)f 

aGF+ 

= ((/3(r)(/i (g) 1), ft, (g) 1) < {u{rRi, rRn){h 1), /i 1) 

= (w(0)(/i (g) 1), /i 1) = {B(^o)h, h) . 
Hence, we deduce that there is a constant c > such that J2ae¥+ ^(a)^(a) — '^^^^ shows that 6 is 
in HU- 

Conversely, assume that © is in i?bair ^ closer look at the proof of Theorem 12.21 (see relation (|2.7p ) 
shows that ReVF is a pluriharmonic majorant for ip, where W is given by relation (|2.3p . It remains to 
show that ReVF is the least pluriharmonic majorant for ip and satisfies relation (|2.15p . Let G be a free 
holomorphic function on [B{H)"]i with coefficients in B{£) such that ReG > and 

Q{tRi, . . . ,tRn)*e{tRi, . . . ,tRn) < ReG{tRi,...,tRn) 
for any t G [0, 1). If s £ (0, 1), then we have 

Qs{Ri,---, Rn)*&s{Ri,- ■■,Rn)< ReG(si?i, . . . , sRn). 
Using (|2.1ip . we deduce that 

Re W^^(i?i, . . . , i?„) < ReG(si?i, . . . , si?„)- 
Taking the compression to f "pf™) (see the definition preceding this theorem), we obtain 

Re WARi^'K- . . , i?l"'^) < ReG{sR^^\ . . . , si?i")). 
Now, using relation (|2.9p and taking s ^ 1, we obtain 

Re W^(i?i™^ , . . . , i?!") ) < Re G(i?i'"^ , . . . , ) 

for any m — 0,1,.... According to [SS], we deduce that RePF < ReG, which shows that the map 
ip{r) :— KeW{rRi, . . . rRn), r S [0, 1), is the least pluriharmonic majorant for ip. 

Notice that, due to relation (|2.5p . we have 



w{Xi, . . . , x„) = ^ ^ G(„) (Xi, . . . , x„) e [B{nri, 

k=0 \a\=k 
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where 

(2.18) C(o) = r*r and C(„) = 2T*{Iy ® S^)T if \a\ > 1. 

Using the definition of T and the representation (|2.17p . we deduce that, for any a G F+ and x,y € £, 



= H (^(/3)a;,%)2/) (e^,e5^ 

Therefore T*{Iy (Si S~)r — J2-yi£F^ ^(7)^(70)1 Oi £ F+, where the convergence is in the week operator 
topology. 

On the other hand, notice that the limit in (|2.16p exists. Indeed, since Q is in the Hardy space ^^^aii' 
we have X]/3eF+ II^/3^IP — "^II^IP ^r some constant c > 0. This implies 

lim (e(ri?i, . . .,rRr,niy ® 5i)e(ri?i, . . .,rR„){x 1), {y 1)) 

r—>l 



whence 



/3eF„ \76F„ J I 



= {T*{Iy®Sl)Tx,y). 

Therefore ^9(^5) = ^*{Iy ® Sl)T and iie{Ra) = T*{Iy ® Sa)T for any a G F+. Consequently, 

for any polynomial p(i?i, . . . ,i?n) = S|a|<m(^ct^a + o,aRa) in + Ti-n- This implies that /ig has a 
unique extension to a completely positive linear map on 7?.,* + According to relation (|2.18p . we have 

C(o) = and C(„) = 2fig{R~) if |a| > 1. 

Hence and due to the fact that /ig is a bounded linear map, we have 



fJ-e 



1=1 



fc=l |Q|=fc 



k^l \a\^k 

00 

= E E ^a)®^. =W^(Xl,...,^„ 

fc=0 |a|=fc 

which proves relation (|2.15p . This completes the proof. 



□ 
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We recall [56^ that, in the particular case when f — I, the identity on F^{H„), and /x is a bounded linear 
functional on C*{Ri, . . . ,Rn), then the Berezin transform Bfj_{I, ■ ) coincides with the noncommutative 
Poisson transform V^i : B{K) associated with /it, i.e., 

{V^l){Xl,...,X,,) {p®id)[P{R,X)], X (Xi,...,X„) e [B(7^)"]i, 

where the Poisson kernel is given by 

OO OQ 

p{R,x) ■=J2Y1 R5^x* + i+Y, -R5®^« 

k=l \a=k k=l \a=k 

and the series are convergent in the operator norm topology. In the particular case when n = 1, Ti. = C, 
X = re'^ G D, and /x is a complex Borel measure on T, the Poisson transform Vn can be identified with 
the classical Poisson transform of fi, i.e., 

where PJ9 — t) := — , ^ is the Poisson kernel. 

Using now Theorem II . 31 and Theorem 12.31 we can deduce the following result. 

Corollary 2.4. Let he in iJ^aii ^'^'^ have the representation 

OO 

e(Xi, . . . , X„) ^ ^ <E> (Xi, . . . , X„) G 

fc=0 |a|=fc 

Under the conditions of Theorem \2.!A the least pluriharmonic majorant IXeW satisfies the relations 
ReW{Xu . . . , X„) = lim Pi;^ [e(ti?i, . . . , tRn)*Q{tRi, tR^)] 

t — > 1 * 

= {Vfie){Xi,...,Xr,) 

OO OO 

fc=l |Q|=fc fc=0|a|=fc 

for any X :— {Xi, . . . ,X„) G [B{Ti)'"']i, where Pfig is the noncommutative Poisson transform of fig and 

-^(") = E ^(7)^(7")' I^n> 

where the convergence is in the week operator topology. 



3. The unit ball of -ffbaiii geometric structure, and representations 

In this section we obtain a characterization of the unit ball of i?baii ^^^"^ provide a parametrization 
and concrete representations of all pluriharmonic majorants for the sub-pluriharmonic curve 

^{r) :=e(ri?i,...,ri?„)*e(ri?i,...,ri?„), r G [0,1), 

where O is in the unit ball of -ffbaii- 

We need a few notations. As in the previous section, we denote by i?baii(-B(f , y)) the set of all free holo- 
morphic functions on the noncommutative ball [_B(?i)"]i and coefficients in B{£,y). Let H^^^{B{£,y)) 
denote the set of all elements F in H\^ai\{B{£, y)) such that 

||F|U :-sup||^^(Xi,...,X„)|| < 

where the supremum is taken over all n-tuples of operators {Xi, . . . ,Xn) G [i?(7i)"]i, where Ti is an 
infinite dimensional Hilbert space. Denote by -ffbaii(^(^)) '^^ ^^^^ holomorphic functions / on 
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the noncommutative ball [i?(7i)"]i with coefficients in B{£), where £^ is a separable Hilbert space, such 
that Re / > 0. Consider the following sets: 

n+iBiS)) := {/ e H+^,,iBi£)) : /(O) = /} and 

n^iBiS)) {g e H^,,{Bi£)) : 5(0) - 0} . 

According to |57| . the noncommutative Cayley transform is a bijection 

C : U+iB{£)) ^ [H-(S(£))]<, defined by C[f] := g, 

where g £ [H.^ {B{£))]^^ is uniquely determined by the formal power series (/ — 1)(1 + /)^^, where / is 
the power series associated with /. In this case, we have 

C-^[G]{X) = [I + G{X)][I - G{X)]-\ X G [BiHT]^. 

We recall that ii T : H ^ W \s a contraction, then Dt (/ - T*T)^^'^ and Vt VtH. The first 
result of this section provides a parametrization for the pluriharmonic majorants of 0*0. 

Theorem 3.1. Let be a free holomorphic function in the unit ball of H^g^^{B{£,y)), and let F be a 
free holomorphic function in Hi,aii(B{£)) such that F{0) = I . Then 

(3.1) e{rRi,...,rRnye{rRi,...,rRn) <ReF{rRi,...,rRn) for re [0,1), 
if and only if there exists G in the unit ball o/ Hj^(_B(X'r)) such that 

(3.2) F{X)^W{X) + {Dr®I)[I + G{X)][I-G{X)]-^{Dr(S)I), X e [B(H)"]i, 

where T is the symbol of Q and W is defined by relation (|2.3p . Moreover, F and G uniquely determine 
each other. 

Proof. Let G be in the unit ball of Hg°(i3(X'r)) and define F by relation (|3.2p . Due to (|2.5p . we have 
W{0) = r*r (8) Ih- Since G(0) = /, we deduce that 

F(0) = 1^(0) + {Dr ® In) [I + G{0)][I - G{0)]-^ (Dp ® In) 

= (rr + D^) ®in = i- 

According to Theorem 12. 21 fsee (I2.7p ). we have 

(3.3) e(ri?i,...,ri?„)*e(ri?i,...,ri?„) <ReW^(ri?i,...,ri?„) for re [0,1). 
Due to the properties of the noncommutative Cayley transform, we have 

ReC"^[G](ri?i,...,ri?„) > for any r e [0, 1). 

Consequently, we have 

ReF(ri?i, . . . , ri?„) = ReW{rRi, rR„) + {Dr ® /) [ReC"^[G](ri?i, . . . , ri?„)] (Dp ® /) 
>eirRu...,rRn)*eirRi,...,rRn) 

for any r e [0, 1). Therefore, F satisfies inequality (|3.ip . 

Conversely, assume that is a free holomorphic function with F{Q) = I and satisfying relation p.ip . 
According to Theorem l2.31 

ReF{rRi,...,rR„)>ReW{rRi,...,rRn) for any r e [0, 1). 

Hence, ^I^ := — is a free holomorphic function with positive real part and 

^-(0) = F(0) - W{0) = {I- T*T) ®In = Dl®In. 

We claim that ^E" has a unique factorization of the form 

(3.4) m{X)^{DT®In)KX){Dv®In), X e [S(H)"]i, 

where A is a free holomorphic function with coefficients in B{T>y) such that A(0) = / and Re A > 0. To 
this end, assume that ^' has the representation '^{X) — X]QeF+ Q(a)®^ai Q(a) G B[£), with (5(o) = D^- 
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For each fc > 1, consider the subspace :— span{l,ea : a € F+ and \a\ = k}. Notice that, for each 
r € [0, 1), the positive operator 



has the operator matrix representation 



r-i?„)* + *(ri?i,...,ri?„) 



M{r) 



2Dl 



Q{a) 



a 



'2Dl ■ ■ 



\a\ = k] 




2Dl 



where [r^°'^Q(^Q,) • = k] is the row operator with the entries 7''"'Q(a), |a| = fc. The notation for the 
cohimn operator is now obvious. Taking r ^ 1, we deduce that M := Af (1) > 0. 

A B 



We recah (see [53]) that a block operator matrix 



B* C 



where A e B{n), B e B{g,n), and 



C G B{Q), is positive if and only if A and C are positive and there exists a contraction T : CQ AH 
satisfying B* ~ C'^/'^T* A^/"^ . Applying this result to the operator M, we find a contraction 



such that 



for each fc > 1. Hence, we have Q[a) = DrK(^a)DT, where K(^q^ = / and K(^a) ■= 2Z(c,) for any a G F+ 





' z 


a) 


















\a\ 


= k 






Q{a) 




'2Dr ■■■ " 




















Dr 


\a\ ^ k 







• • ■ 2Dr 




\a\ = k_ 





| = fe 



^{a)^(a) ^ -^i we deduce that linifc^oo I] 

(Xi,...,X„) G 



< 1. This 



with |a| = fc > 1. Since 'Yli\c 
implies (see [S3]) that 

A(Xi,...,X„) = ^ ^ 

fc=0 \a\=k 

is a free holomorphic function on [_B(7Y)"]i. Using the relations above, we deduce the factorization 
^{X) = {Dr (g) In)HX){Dr ® In), X G [B(H)"]i. 

Now, since the operator A(ri?i, . . . , ri?„), r G [0, 1), is acting on the Hilbert space Pr ® F^{Hn) and 
4'(ri?i,...,ri?„)* + *(ri?i,...,ri?„) 

= {Dr (E> lF2(H,,))[A{rRi, . . . .rRn)* + A(ri?i, . . . ,ri?„)](L'r ® Ifhh^)), 

we deduce that A(ri?i, . . . , ri?„)* + A(ri?i, . . . , ri?„) > for any r G [0, 1). Using the noncommutative 
Poisson transform, we have Re A > 0, which proves our claim. Due to the properties of the Cayley 
transform, G := C[A] is in the unit ball of H^{B{'Dr))- Finally, since :— F — W and using the 
factorization ()3.4|) . we deduce ()3.2p . The fact that F and G uniquely determine each other is now obvious 
since the Cayley transform is a bijection. This completes the proof. □ 

Corollary 3.2. Under the conditions of Theorem lS. 1[ there is only one F satisfying p.ip if and only if 
r is an isometry. In this case, F = W . 

According to |^ and [56], the noncommutative Hardy space H^^^{B{£ ,y)) can be identified to the 
operator space B{£, y)<S^F^ (the weakly closed operator space generated by the spatial tensor prod- 
uct), where F^ is the noncommutative analytic Toeplitz algebra (see [30]) [32]) [13] )• We consider the 
noncommutative Schur class 



5baii(S(f,3^)) := {G G HZu{B{£,y)) : ||G||oo < 1}, 
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which can be identified to the unit baU of the operator space B{£ ^y)®F^ . We also use the notation 

SUmS.y)) := {G e SkMB{£,y)) : G(0) - 0}. 

In what follows we use the notation for the direct sum of n-copies of the Hilbert space £. The 
next results provides a Schur type representation for the unit ball of -ffbaii- 

Theorem 3.3. Let 6 G Hl^ii{B{£ ,y)) be such that \\Q\\2 < 1, and let Te : £ ^ y ® F'^{Hn) he 
its symbol. Then there is a one-to-one correspondence Js between the noncommutative Schur class 

" L ' 



'5baii(^(2^re : ^r"^)) '^'^'^ '^f '^^^ function matrices 

Sban{B(£ ,y (B £^"'^)) satisfying the equation 



Ml 



in the noncommutative Schur class 



(3.5) e(X) = L{X) 

More precisely, the map 

is defined by setting 



l£^n~Y.^h®X,)M,{X) 



i=l 



for X := (Xi,...,X„) e [B{nr]i. 



Jb 



L 

Ml 



where L G i^baii(S(i£', y)) is given by 

(3.6) L{X)^2Q{X)[F{X) + I]-\ X e [S(H)"]i, 

the free holomorphic function F G i?baii(S(f )) is defined by 

F{X) := (r; ® Ih) (^y®FHH„)®n + Y,^Iy ® S* ® x}j 

Y,h®S*®X^ {Tg®In) 



I -Y^ik ® X,)^,{X) 



and Ml, . . . , M„ £ Hijgii{B{£)) are uniquely determined by the equation 

(3.8) {Is Xi)Mi + •■• + (/£ ® X„)M„ - [F{X) - I][F{X) + X (Xi, ...,X„)e [B{n)]i. 

In particular, the representation (|3.5p is unique if and only if is an isometry. 



Proof Assume that 9 £ Hb^u{B{£,y)) and l|e||2 < 1. Consider $ 



in the noncommutative 



Schur class Sha.uiB{T>Yg , v'^J)). It is easy to see that $ £ >5baii(-B(2^r£) , T^j^J)) if and only if the function 

xiX) := {Is Xi)^i{X) + ... + (/£ X„)MX), X := {Xi, . . . , X„) e [B(7^)"]l, 
isin5{^^i,(B(Pr,,PrJ). Since 



I +y^{is ® Xi)^,{x) 



I -Y^ih ® X,)^,{X) 
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is the noncommutative Cayley transform of x, it makes sense to define F by relation (13. 7p . According to 
TheoremEU F G Hbaii(S(£:) has the properties F(0) = /, ReF > 0, and 



(3.9) 



Q{rRi,...,rRnye{rRi,...,rR„) <ReF{rRi,...,rRn) for r e [0, 1) 



Since F G Hj'"(_B(f )), the noncommutative Cayley transform of F, i.e., C[F] :— {F — I){F + I) ^, is in 
Hg°(_B(f )) and \\C[F] ||oo <l 1- Consequently, there are some unique Mi, . . . , Af„ G i?baii(-B(f )) such that 

C[F]iX) - (/£ ® Xi)Mi(X) + . . . + (/f X„)Af„(X), X (Xi, . . . , X„) G 

Since ||C[i^]||oo < 1, we deduce that \\J2"=iih rS^)M,{rSi, . . . ,rSn)\\ < 1 for r G [0,1). Taking into 
account that Si, . . . , Sn are isometrics with orthogonal ranges, we obtain the inequality 

n 

rH^rSi, . . . , rSnTA'UirSi, ...,rSn)< L 

1=1 

Mil [Mi{rSu...,rS„y 

■ = lim : 

M„J ^ L^'f„(r5i,...,rS'„)_ 

in is the noncommutative Schur class Sbaii{B{£,£^'^^)). Now, consider the free 



Hence, we deduce that 



< 1, 



which shows that 



Ml 



holomorphic function 

(3.10) ^{X) {Is Xi)Mi(X) + ••• + (/£ ® X„)M„(X), X := (Xi, . . . ,X„) G [B(?^)]i, 
and notice that 

I - ^ = I - C[F]{X) 

(3.11) =[(F + /)-(F-/)](F + /)-i 

= 2(F + /)-^ 



Hence, and defining L by relation (|3.6p . we deduce that i = 6(/ — ^f). Consequently, L G H\,an{B {£ , y)) 
and 

-1 -1 

e{X) = L(X) w - J2^l£ «> ^.)M.(^) 

i=l 



for X (Xi,...,X„) G [B(7^)"]i. 



Therefore, relation (13.51) holds. Now we show that 



L 

Ml 
M„ 



is in the Schur class 5baii(B(^^, 3^ © £^"'>)). 



Since -F is the inverse Cayley transform of i.e., F — {I + — 'i>) ^, for any r G [0, 1), we have 



ReF{rRi,...rRn) 

= i [(/ - ^{rRi, . . .ri?„)*)-i(/ + *(ri?i, . . . ri?„)* + (^ + *(^^i, • ■ ■ ri?„))(/ - ^{rRi, . ..rRn))~^] 

= i(/ - *(ri?i, . . . rRn)*)-^ [(/ + 'J'(ri?i, . . . ri?„)*)(/ - *(ri?i, . . . ri?„)) 

+ (/ - *(ri?i, . . . ri?„)*)(/ + *(ri?i, . . . ri?„))] (/ - *(ri?i, . . . rR„))-^ 
= {I- *(ri?i, . ..rR„y)-yi - *(ri?i, . . . ri?„)**(ri?i, . . . ri?„)](/ - *(ri?i, . . . rR„))-\ 
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Hence, and using relations p.5|) . ()3.9p . and (I3.10p . we obtain 

(/ - *(ri?i, . . . ri?„)*)-iL(ri?i, . . . , ri?„)*i(ri?i, . . . , ri?„)(/ - ^'(ri?i, . . . ri?„))-i 
= e(ri?i,...,ri?„)*e(ri?i,...,ri?„) 
<ReF{rRi,...,rR„) 

= {I- *(ri?i, . . . ri?„)*)-i[(/ - *(ri?i, . . . ri?„ ) * * (ri?i , . . . ri?„)](/ - *(ri?i, . . .ri?„))^i 
for any re [0, 1). Consequently, we deduce that 

^{rRi, . . . rRnf^irRi, . . . rR^) + L(ri?i, . . . , rR„)*L{rRi, rR„) < I 
for any r G [0, 1). Due to relation (|3.10p . we have 

n 

*(ri?i,...ri?„)*^'(ri?i,...ri?„) =^r2M,(ri?i,...,ri?„)*M,(ri?i,...,ri?„) for r G [0,1). 

1=1 

Combining these relations, we deduce that 

n 

(3.12) r2^||Af,(ri?i,...,ri?„)a^f + ll-^Mi,---,'^fin)a;f < ll^^f 

for any 2: G £^ (g) F^(7?„) and any r G [0,1). Remember that H{!^i^{B{J\f, M)) can be identified to 
the operator space B{JV,A4)®R^ for any Hilbert spaces M and A4. In particular, since L and are 
bounded free holomorphic functions, according to [56], there exist Mi G B{£)®TZ'^ and L G 3^)®7^^ 
such that 

= SOT- lim M,{rRi, rR,,) and 
Z = SOT- lim L{rRi, ri?„). 

r^l 

Passing to the limit in ((3?T2l) . we obtain X^^^i + ||Zx||2 < ||a;||2 for any x G E®F'^{Hn)- Therefore, 



Ml 



is a contraction in ^ © f '■"•') C>5 7?.^, which shows that 



Ml 



is in the noncommutativc Schur 



class 5baii(B(£:, © £:("))). We remark that 

"Mr 



and F uniquely determine each other by Theorem 



13.11 On the other hand, F and 



Mr, 



uniquely determine each other via the noncommutative Cayley 



transform. Therefore, Je is a one-to-one mapping. Now, let us prove the surjectivity of the correspondence 

" L ' 



Jg. Let 



have 



Ml 
M„ 



be in the Schur class 5baii(S(f , y © f *^"-')) such that relation p.Sp holds. Therefore, we 



(3.13) L(ri?i, . . . , rRn)*L{rRi, rR„) + ^ M,{rRi, rR„)*M,{rRi, ri?„) < /. 

"Ml" 



Hence 



M„ 



is in Sbiiu{B{£,£^'^'')), which implies that the free holomorphic function 



*(X) := {Is Xi)Mi{X) + ... + (/£© Xn)Mn{X), X {Xi, . . . , X„) G [B{H)]i, 
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is in 5|Jjjn(_B(f )). Let F be the inverse Cayley transform of Then ReF > 0, F{0) = /, and, due to 
relations ()3.5|) and ()3.13p . we have 

eirRi,...,rR^yeirRi,...,rR„) 

- (/ - *(ri?i, . . . rR,Xy'LirRu . . . ,rRr,y L{rRi, . . . ,ri?„)(/ - *(ri?i, . . . ri?„))-i 

< (/ - ^{rRi, . . . ri?„)*)-i[(/ - ^{rRi, . . . ri?„ ) * * (ri?i , . . .ri?„)](/ - ^'(ri?i, . ..rRn))-^ 

= ReF(ri?i,...ri?„) 

for any r G [0, 1). The latter equality was proved before, using the fact that F is the inverse Cayley 
transform of '5. In particular, since F{0) — I, we can use the inequality above to deduce that 

||e(ri?i,...,r-i?„)(/i® l)f < {F{0){h(g)l),h(g)l) = \\h\\^ 

for any h € £ and r £ [0, 1). Hence ||6||2 < 1- Moreover, since 

e{rRi, . . . ,rRr,)*Q{rRi, . . . ,rRr,) < ReF{rRi, . . .rRn), rS [0,1), 

Vi 

we can apply Theorem 13.11 to show that F has the form (|3.7p for some 



in 5baii(i?(2?r«,4"^)) 



Now, since F is the inverse Cayley transform of 5" we have "5/ = {F — I){F + I) ^. Notice also that due 
to relations l|3.5p and l|3.1ip . we deduce that 

L{X) = 2Q{X)[F{X) + X e [B{n)"]i. 



Therefore, Jr- 



L 

Ml 



Finally, the representation (j3.5[) is unique if and only if Dy^ = 0, i.e., Tg 



is an isometry. The proof is complete. 

A closer look at the proof of Theorem 13.31 reveals that we have also proved the following result. 



□ 



Corollary 3.4. Let <d : [_B(7i)"]i ^ B{£,y) ^„mi B{'H) he a function. Then Q is a free holomorphic 
function in H^g^^{B {£ , y)) with \\0\\2 < 1 md only if it has a representation 

-I -1 



e(x) = L{x) 



for X:= (Xi,...,X„) e 



where 



' L 

Ml 

M„ 



is in the noncommutative Schur class 5baii(-B(f , 3^ © f ^"■')). 



4. All solutions of the generalized noncommutative commutant lifting problem 

We introduce a generalized noncommutative commutant lifting (GNCL) problem, which extends to 
a multivariable setting several lifting problems including the classical Sz.-Nagy-Foia§ commutant lifting 
and the extensions obtained by Treil-Volberg, Foia§-Frazho-Kaashoek, and Biswas-Foia§-Frazho, as well 
as their multivariable noncommutative versions. 

We solve the GNCL problem and, using the results regarding sub-pluriharmonic functions and free 
pluriharmonic majorants on noncommutative balls, we provide a complete description of all solutions. In 
particular, we obtain a concrete Schur type description of all solutions in the noncommutative commutant 
lifting theorem. 
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An n-tuple T :— (Ti, . . . ,Tn) of bounded linear operators acting on a common Hilbert space TC is 
called contractive (or row contraction) if 

The defect operators associated with T are 

/ " \ 1/2 

At* ■■=(ln-Y. e B{n) and At {[S.,In ~ T*T,l^,^) e B{n^-^), 



(4.2) V, = 



while the defect spaces of T are = Vt- := At-H and V = Vt := AtH^^K where H^") := 
denotes the direct sum of n copies of H. We say that an n-tuple V := {Vi, . . . , Vn) of isometries on a 
Hilbert space IC D Ti. is a minimal isometric dilation of T if the following properties are satisfied: 

(i) ViV{ + + Ik; 

(ii) V*\h^T*, i = l,...,n; 
(in) IC = V„eF+ 

The isometric dilation theorem for row contractions •i7i asserts that every row contraction T has a 
minimal isometric dilation V, which is uniquely determined up to an isomorphism. Let A,; : 7i ^ 
V (g) F^{Hn) be defined by 

A.,h [At( 0^_^^ /i, 0, . . . , 0) 1] © © • • ■ . 

i — 1 times 

Consider the Hilbert space K. :~ Ti® {T> ® F'^{Hn)) and embed 7i and T) m. JC in the natural way. For 
each i = 1, . . . , n, define the operator : /C — s- /C by 

(4.1) y,(/i d)) T,/i © [A,h + [Iv ® S,){^ ® d)] 

for any h G H, £, € i^^(i7„) , d € V, where Si, . . . , Sn are the left creation operators on the full Fock 
space F^{Hn)- The n-tuple V :— (Vi, . . . , Vn) is a realization of the minimal isometric dilation of T. Note 
that 

"T, 

A, Iv ® S, 

with respect to the decomposition K, = 'H®\V ® F^(_ff„)]. 

Let us introduce our generalized noncommutative commutant lifting (GNCL) problem. 

A lifting data set {A, T, V, C, Q} for the GNCL problem is defined as follows. Let T (Ti, . . . , r„), 
Ti £ B{Ti), be a row contraction and let V :— (Vi,...,V^), Vi € B{IC), be the minimal isometric 
dilation of T on a Hilbert space K, D Ti. given by (|4.2p . Let Q :— {Qi, . . . ,Q„), Qi G B{Qi,X), and 
C := (Ci, . . . , C'n), C, e S(C?i, A"), be such that 

(4-3) [5..C*Q]„,„<[Q:Q,]„,„. 

Let A e B{X,H) be a contraction such that 

(4.4) T^AC^^AQ^, i^l,...,n. 

We say that i? is a contractive interpolant for A with respect to {A,T,V,C,Q} if B E B{X,1C) is a 
contraction satisfying the conditions 

F^B = A and V^BC^ = BQ^, i = l,...,n, 

where P-h is the orthogonal projection from /C onto H. 

The GNCL problem is to find contractive interpolats B oi A with respect to the data set 

{A,T,V,C,Q}. 

Note that B satisfies relation P-j-cB = A ii and only if it has a matrix decomposition 

A 



(4.5) B 



TDa 



X ^n®[V®F\Hn 
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"T, 




A 


a 




A 






TDa 




TDa 



where T -.Va ^ V®F'^{Hn) is a contraction. Here Da '■= {Ix - A*A)^I'^ and Va := DaX- We mention 
that B and F determine each other uniquely. Note that B satisfies the equations ViBd — BQi for 
i = 1, . . . , n, if and only if 

nlf/ll f/ll 

7 ^ 1 , . . . , Ti, 

AJ J^A 

which, due to relation (|4.4p . is equivalent to 

(4.6) A,^a + (/i, ® ^Or^AC, = TDAQr. i = 1, . . . , n. 

Therefore, the GNCL problem is equivalent to finding contractions F : Va ^ V ® F^(i/„) such that 
relation (14. 6p holds. Using relations (|4.3p and (|4.4p . we deduce that 



DAQiUi 

i=l 



i=l 
n 

n 



i=l 
n 

-1 

n 

TiAQ^y, 



i=l 



n 



I At (er=i^C,y,)ll' + Ell^^^'2/^ 



2 



j=i 



for any yi d Qi, i — 1, . . . ,n. Consider the subspace J- C Va given by 



(4.7) 



^ { "^DAQiyi ■■ yi e Gi, i ^ I, . . . ,n 



in) 

Due to the estimations above, we can introduce the operator fl : T ^ V® V\ by Vt 
and ^2 are defined as follows: 



^2 



where Oi 



VLi-.T^V, 



^1 [^DAQiyi := At {(B'l^iAdy,) and 



(4.8) 



i=l 



Consequently, f2 is a contraction. We remark that Q is an isometry if and only if we have equality in 
Now, notice that 



Y,M^C,y,) = AT(©r=i^Ciy,) 1, yi € Gi. 

i=l 

It is clear that relation (|4.6p is equivalent to 

n n 

(4.9) AT{(B2=iAC,yi)C^l + Y,iIv<E)S,)TDAay, = Y,'^DAQryr, y^^Q^, 

1=1 i=l 

which is equivalent to 

\ Y,DAQ^yA ® l+[/x.05i,...,/x,®5„](©r=iF)fi2 (X^/^aQ^Z/^) =F (f^i^AQzy, 



1=1 



,1=1 
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Therefore, we have 
(4.10) Ev^i + [Iv®Si,...,Iv® S,,] 



rp„ 



where Ex> : V V ® F'^{Hn) is defined by Ex)y — y®1 and Pj : P^'-* Va is the orthogonal projection 
of P^''' onto its j-th coordinate. 

Let S be a fixed solution of the GNCL problem and let F : Va T) ® F'^{Hn) be the unique 
contraction determined by B (see ()4.5p ). Since relation ()4.6|) holds and 5*1, . . . ,S'„ are isometrics with 
orthogonal ranges, we deduce that 

n 2 ri 2 „ 2 

'^DrDAQiyi = '^DAQiyi - TDAQiDi 



DAQiyi 

i=l 
n 

^ DAQiyi 

i=l 
n 

^ DAQiyi 

i=l 
n 

J2\\DrDAay,r 

i=l 
n 

Y,\\DrDAay,\\' 

i=l 
n 

Y,\\DTDAC,y^\Y 



Y,^^AC^y^ ~ ^.^Iv ® S.,)T D AC^y, 

i=l i=l 

n 

At {®7=iAC^y,)f - ^ \\rDAC,y,f 

9 

n n 

J2 DAQ^y^ - iiat (©r=i^^^.2/0f - E w^^ay^f 

i=l 

n 2 / n 

J2 DAQ^y^ - ^[Y. ^AQ^y^ 



i=l 



duDa J2 ^^y- 



for any yi eGi, i ^ 1, 



>Y,\\DrDAQy,f 

i=l 

. . . ,n. Therefore, 



n 

Y D^DAQ^ 



1/2 



> \ Y\\DrDAQy^\n , y,eg^, 



where the equality holds if and only if Q is an isometry. Consequently, we can define a contraction 



A : J^r := 2?r^ ^ 2?r"^ by setting 
(4.11) A (^i^ri^AQ.y, 



.^{DrDACiyi), yi £ g^. 



Using the definition of il2, we deduce that 

(4.12) ADrx = (©r=i^r) ^2X, x T . 
We remark that A is an isometry if and only if 17 is an isometry. 

We introduce the noncommutative Schur class iS^jjii(i?(2?r, I'r"')) ^ bounded free holomorphic 
functions $ e f/"{^,i(B(2)r, ^?r"^)) with \^\oo < 1 such that C\jr^ = A. More precisely, if C has 
the representation ^{Xi, . . . , Xn) = J2ae¥i ^(a) ® for some coefficients C(q) G B{'Dr,v'^^), the 
latter condition means C(o)|jrr ~ ^ ^-^^d CQ)|jrj, = if |a| > 1. Equivalently, <i>(ri?i, . . . ,rRn)\j^-r^i — 
{A® Ip2(^H„})\rr'»i, i-e-, 

(4.13) $(ri?i,...,ri?„)(x0l) = Ax® 1 
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for any x G !Ft and r £ [0, 1). Moreover, notice also that the latter condition is equivalent to $|jpj,^^2(^^-) = 
A (g) /j?2(^^-), where $ is the boundary function of 

We remark that the set ^^au (2^r > I'p"'' ) is nonempty. Indeed, we can take C ~ APjr^ (g) /, where Pyr^ 
is the orthogonal projection of Vr onto J-r- 

We say that a bounded free holomorphic function ^! € H^iy(B{'Da,'D © ^?^'')) is a Schur function 
associated with the data set {A,T,V,C,Q} if ||^||oo < 1 such that 'i>\jr = n. Equivalently, 

(4.14) ||*(ri?i,...,ri?„)|| < 1 and *(ri?i, . . . , ri?„)(y ® 1) = f7y ® 1 

for any r £ [0, 1) and y ^ T. We denote by iS^jj,i(i?(2?A, 2?©X'^'')) the set of all Schur functions associated 
with the data set {A, T, V, C, Q}. 

Let _B be a solution of the GNCL problem with the data set {A, T, V, C, Q} and consider the contrac- 
tion T : Va ^ V ig) F'^{Hn) uniquely determined by B (see Let 8 e HI^^^{B{Va,V)) be the free 
holomorphic function with symbol F. Define the map 



Jr : 5baii(S(Pr,2?l."^)) ^ 5baii(S(pA, 2? ® V'^')) 



(")^ 



by setting 
(4.15) 



Jt 



'Pi 



L 

Ml 



where L e H\yai\{BiV a^T^)) is given by 

(4.16) L{Z):=2Q{Z)[F{Z) + I]-\ Z e [B{Zri, 

the free holomorphic function F e i?baii(S(2?^)) is defined by 

F{Z) := (r* ® Iz) llv®FHH„)®z + ^ /p «> ^* ® ^^ ) 



(4.17) 



\ 1=1 

X f-?^I5(8F2(_f/„)(»2: - ^ /-D g) 5* * g) Z^ 



i=l 



I + Y.^Iv^®Z,),p,{Z) 



(r 1^) 



(i?r®/2), 



and All, ■ ■ ■ , Mn G -ffbaii(5(2'yi)) are uniquely determined by the equation 

(4.18) {Iv^ ® Zi)Mi{Z) + • • ■ + (/i,^ ® Z„)Af„(Z) - [F(Z) - I][F{Z) + I]-^ 

for any Z := (Zi, . . . , Z„) G [_B(Z)"]i. Here Z is an infinite dimensional Hilbert space. 

In what follows we need the following lemma, which is the core of the main result of this section. 



Lemma 4.1. Let {A, T, V, C, Q} be a data set for the GNCL problem. Let T : Va ~> V (g) F'^{Hn) be a 

" L " 

be in 5baii(S(2?r, 2?r"^)). Define * := 



contraction and let ^ := 



Ml 

M„ 



by relations (|i7TB)) . (|IT7)) . 



and (|4.18p . Then the following statements hold: 

(i) IfT satisfies relation (j4.6[) . f/ien the free holomorphic function M := 

M\^ = ^2 if and only z/$ G 5^^i,(B(Pr, 4"^)); 

-,(") 



M„ 



has the property that 



(ii) * is m5^^,i(B(r>yi,2?®2?^"^)) and on^?/ if F satisfies gS]) and $ is m 5i^^n(B(Pr, I^r"')) 
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Proof. Let 8 G H^g^^{B{'DA,'D)) be the free holomorphic function with symbol T. Due to relation (I4.17|) . 
we have 

F(Z) = r*r <E)Iz+ 2(r* ® Iz) [Iv(sfhh^)»z - /i? ® 5* ® zA ® <E)zA(r<g, Iz) 



Dl (g) Iz + 2{Dr (S> Iz) 



[Dr^Iz) 



I -Y.^Iv^®Z,)^,{Z) 

i=l 

for any Z := (Zi, . . . , Z„) G Since r*r + 0^^ I, we deduce that 

F{Z) - / = 2(r* ® J^) (lv^FHH„)^z - /p ^* ® f ® -^^^ /h) 



(4.19) 



i=l 



2{Dr®lH) 



-\ -1 



for any Z := {Zi, . . . , Z„) G Similarly, we obtain 

F{z) + 1 = 2(r* ® j^) - ® 5* ® z}j (r /2) 



(^r®/z) 



(4.20) 



i=l 



2{Dt®Iz) 



I-Y.^Ivj,®Z,)^,{Z) 



(Dr^Iz) 



foranyZ:= (Zi,...,Z„) G [S(Z)"]i. 

Now, assume that F satisfies relation (|4.10p (which is equivalent to (|4.6p ). Let us show that M := 
'Ml] 

: has the property that M|;f = f^a if and only if $ G 5^^,i(B(2?r, 2?r'''))- Let x G and r G [0, 1). 

mJ 

Since Si, . . . , Sn are isometrics with orthogonal ranges, relation (|4.10p implies 



n 






/ 










E 




5 5*) 


















V 




rp„_ 







= ^^(rP.rJaa; (g) reO = (L ® If^{h„)) ^{Pi^2X re,). 

i=l 1=1 

Using relation (|4.19p . we have F{rRi, . . . , ri?„) — / = + Br, r G [0, 1), where rR :— {rRi, . . . , rRn), 
Ar := 2(r* If^h^)) ( Iv(sF^(H^)(»n -^Iv (E) S* rpA i^Iv'» S* rR, ) (L (g) /i.2(^„)), and 



I -y2{Iv^'E)rR^)(p,{rR) 



y2{Ivy,'S)rR,)(p,{rR) 



{Dr (E) If^h„})- 
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Taking into account the above calculations, we deduce that 
[F{rRi,...,rRr,)-I]{x(E>l) 



= 2(r* ® If^h„)) Iv®f^(h^)®h - ^Iv® S* ® rR, ) (r Ip2(^H„))^{P,n2X (S) rci) 



4=1 



for X ^ J-. Hence and due to (|4.20p . we obtain 
[F(ri?i,...,ri?„)-/](a;®l) 

n 

= [F{rRi,...,rRn)+I]Y,{P^^2X®re{) 



4=1 



{Dr ® Ifhh^)) '^{Pi^2X ® re^) + Br{x ® 1) 



[F[rRi, . . . , ri?„) + /] ^(F.l^sx ® re,) + 2(Dr ® If^(h^)) 



I -Y^{IvA®rRi)ip,{rR) 



i=l 



where 



Xr := ® rR,)ip,{rR){Dr ® lF^H„))ix ® 1) - If^h^)) Y^{Pi^2X ® re,). 

i=l 



i=l 



Consequently, we have 

[F{rRi rR„) + /] [F(ri?i , . . . , ri?„) - /] (x ® 1) 



(4.21) 



= J2iP^^2X ® re,) + 2[F{rRi, . . . ,rRn) + I^^Dr ® If^h^)) 



I -Y,ilT^A®rR,)^,{rR) 



i=l 



Xr- 



If $ e S^^ii{B{Vr,Vf')), then due to relation (jil^ . we have 

$(ri?i,...,ri?„)(y® 1) = Ay ® 1 

for any y 6 and r G [0, 1). Using the definition of JFp and relations (|4.1ip . (|4.12p . we deduce that, for 
any x d T, 

iPj{rRi,...,rRn){Drx®l) = {Pj ® lF2(H„))^irRi, ■ ■ ■ ,rRn){Drx ® 1) 

= (Pj ® lF2(H^)){kDrx ® 1) 
^ Pj{®1^iDt)^2X®1 
= DrPj^2X <E) 1 

for any x £ JT. Now, it is clear that Xr = 0. Due to relation (|4.2ip . we have 



[F{rRi, . . . , ri?„) + /]-i[P(ri?i, . . . , ri?„) - I]{x ® 1) = ^(P^^iax ® re,). 
Hence and using (|4.18p . we have 



i=l 



MjirRi, . . . ,ri?„)(x 1) = -{Ij,^ (g, R*)[F{rRi, . . . ,ri?„) + I]-^[F{rRi, . . . ,ri?„) - I]{x (g> 1) 

= PjQ2X •Si 1 

for any x Cz J- and j 1, . . . , n. Consequently, M(rRi, . . . , rRn){x 1) = ^2X ® 1 for any x ^ J- ^ i.e.. 
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Conversely, if M\jr = 512, then, due to relation (14.181) . we have 

n 

[F{rRi, rR„) + I]-^[F{rRi,. . . , rii„) - /](a; ® 1) = ^ P.l^za 
Using relation (|4.2ip . we obtain 



i=l 



2[F{rRu . . .,rR^) + I]-\Dr ® Ifhh„)) 



I -Y^{IvA®rR,)ip,{rR) 



i=l 



Since Xr has the range in Vr <E) F^{Hn), the operator / — X^ILiI^^a ® rRi)(pi{rR) in invertible on the 
Hilbert space Vr C?) F^(i/„), and Dr If2(h„) is one-to-one on Dp (8) F^{Hn), we deduce that Xr = 0. 
Consequently, we have 

n 

^(/pr ® rRi) [ipiirRi, . . . , rRn){Drx (g) 1) - DvPiVlix » 1] = 0, x G J^. 

1=1 

Since . . . , i?„ are isometrics with orthogonal ranges, we deduce that 

(pi{rRi, . . . , rRn){Drx 1) = DrPii^2X <8) 1, z = 1, . . . , n, 
for any x ^ J-. On the other hand, due to (|4.1ip and ()4.12p . we have 

DrPj^2x ® 1 = (Pj (8) lF^(H„)){^Drx ® 1), z = 1, . . . ,n. 
Combining these relations, we deduce that $(r_Ri, . . . , rRn){y®l) = Ay® 1 for any y G JFp and r e [0, 1). 
ti.(^(^r,4" 

'''Pi 



Therefore, $ £ 5^^n(P(Pr, I'r"^))' which proves part (i) 



Assume now that F satisfies (|4.6I) and $ := 



is in 5^^,i(BCDr,2?r 0)- The resuh of part (i) 



shows that M 



has the property that M\jr — il2. In what follows we will use the fact that 



Jr 



^1 



L 

Ml 



and that relations (|4T6)) . (|4T7l) . and (|4T8l) hold. First, notice that (|4T8l) imphes 



^ - ® rRMirRi, . . . ,ri?„) = / - [P(ri?i, . . . ,ri?„) - /][F(ri?i, . . . ,ri?„) + /] 



i=l 



^2[F{rRi,...,rRn)+ir^ 
for any r £ [0, 1). Hence and using relation (|4.16p . we get 

L(ri?i, . . .,rRn) = 2e(ri?i, . . . ,rRn)[F{rRi, ri?„) + 

(4.22) 



e{rRi,...,rR„) 



I - ® rR,)M,{rRi, . . .,rRn) 

i=l 



Therefore, since M\jr — 0,2, we have 
L{rRi,...,rRn){x®l) 



e{rRi, . . .,rR„){x ® 1) - e(ri?i, . . . , ri?„) ^(/p^ ® rR,)M,{rRi,. . . , rRn){x ® 1) 

i=l 
n 

X O rci) 
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for any x ^ T. Since L is a bounded free holomorphic function, L :— SOT-linir^i L{rR) exists and it is 
in the operator space B{'Da,'D)®R^ . Taking r — + 1 in the relation above and using (I4.10p . we obtain 



L2X (» rei 



L{rRi,...,rRn){x(E)l)^Tx~ hm 6 (ri?i, ri?„) y"(-P«f^2 

r—>l ^ — ^ 
i=l 

n n 

X ® rei 

Z — ^ r— *1 ^ — ^ 



i=l 



Now, assume that has the representation 6(Zi, . . . , Z„) — Y^^=o^\a\=k ^(a) ® on [_B(Z)"]i, with 
EaeF+ ^la)^(a) - ^- ^^^"^ = T.aeF+ ® 65, 2/ G Pa, and 

n 

® S^)TP,n2X = J2 A(»)Pr^2 



On the other hand, we have 



\i=l / i=l agF+ 



Consequently, 

(4.23) lime(ri?i,...,ri?„) [^(P.^aa 



= ^(/p®5,)rP,ri2a:. 



Hence, L(a; (g) 1) = fJix 1 for a; £ JT, which implies L|jr = fii. 



Conversely, assume that ^' 



Ml 



is in S^^^^(B{Va.V®v'^2^)) and let M 



Ml' 

M„ 



. Then we have 



L(rPi, . . . ,rP„)(y (g) 1) = iliy 1, y^T, and 
Af(rPi, . . . , r-i?„)(y Cg) 1) = f^ay 1, £ T. 

Due to relation (I4.22p . we deduce that 

17iy 1 = P(ri?i, . . . , rRn){y 1) 

n 

= e(ri?i, . . . , rP„)(2/ ® 1) - e(ri?i, . . . , ri?„) ^^(^c^ ® rR,)A'U{rRu ■ ■ ■ rRn){y 1) 

1=1 

n 

= e(ri?i, . . . , rP„)(y ® 1) - e(ri?i, . . . , ri?„) ^(/p^ ri?,)(-P^^^2y ® 1) 

1=1 

for any y G JF. As before (see (|4.23p ). taking r ^ 1, we get 

n 

f^iy 1 = ry - ^(/p^ rR,){P,^2y ® 1), y G .F, 

1=1 

which shows that F satisfies relation (|4.10p . Hence, and using part (i), we deduce that <i> G S^^^y{B{Vt ,1^^^^)) . 
The proof is complete. 

□ 

Now we can prove the following generalized noncommutative commutant lifting theorem, which is the 
main result of this section. 
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Theorem 4.2. Let {A,T,V,C,Q} be a data set. Then any solution of the GNCL problem is given by 



(4.24) 



B = 



A 
TDa 



where T : T>a — > 2? ® F'^{Hn) is the symbol of a free holomorphic function Q G ^baii(-^(-^^' ■^)) Q^en by 



(4.25) e{Z) = L{X) 



H -1 



Iva®z - Y^{Iva ® Z^)M^{Z) 



where 



' L 
Ml 



for Z:=(Zi,...,Z„)e[S(Z)"]i, 



is an arbitrary element in the noncommutative Schur class S^^^i{B{'Da,T> (B'D'"^^)) 



Proof. Assume that Vl/ 



L 

Ml 



is an arbitrary element in S^^ii{B{Va,V (B'D'^a^)) and let 9 be given by 

(|4.25[) . According to Corollary 13. 4i O is a free holomorphic function in H^g^^{B{'DA,T>)) and ||0||2 < 1- 
Using Theorem 13.31 we deduce that 4* = Jq^ for a unique <f> in 5baii(-B(I?r, Z^r"''))- Now, since ^I^ G 
Sl^g^■^{B{VA,T> (BT>^a ^)), we can use Lemma [4. II to deduce that F satisfies relation (|4.6p . Therefore, B is 
a solution of the GNCL problem. 

Conversely, assume that i? is a solution of the GNCL problem. Then B has a representation (|4.24l) . 
where T : Va ^ V ® F^{Hn) is a contraction satisfying gJl). We recaU that S^^ii{B (Vr , v'^'^ )) is 

L 



nonempty. Let e 5^^n(S(2?r, 2?["^)) and set * 



Ml 



M„ 



:= Jr$ (see (|4.15p ). Applying again Lemma 



mH we deduce that * is in 5^^ii(E(I?^, X» V^a ))■ Now, using Theorem 



we deduce that F is 



^^,,{BCDA,V®V^f) 

the symbol of a free holomorphic function 8 G H^^^^{B{Va,T>)) satisfying (|4.25p . This completes the 
proof. □ 

To obtain a refinement of Theorem 14.21 we need the following result. 

Lemma 4.3. Let Ai,C be Hilbert spaces and ^ be a bounded free holomorphic function with coefficients 
in B{M,C). Let M be a subspace of M and A G B{M, C). Then ||$||oo < 1 and $|aA ^ A if and only if 

(4.26) <S>^{APj^(E)L) + {Da'' (E)L)^{Pj^±(E,I) 

for some 'i' G H^^i^{B{J\f^ ,T>a')) with ||*||oo < 1, where := MoAf. Moreover, $ and * in (|4?26)) 
determine each other uniquely. 

Proof. Let <i> — X]qgf+ C{a)®Ra be the Fourier representation of $. The condition ^\j\f = A\s equivalent 
to C(o)|aA — A and C(q)|aA = for |a| > 1. The latter condition is also equivalent to <^\j^0p2i^u^-^ = 
A (g) If^{h„)- With respect to the decomposition M ® F'^[Hn) = [M ® F'^{Hn)\ © [N^ ® F'^{Hn)], the 
operator <& : M ® F^(i/„) — > C(^F^{Hn) has the matrix representation $ — [^\Ar^F^{H„) ^\Af^i»F^{H„)]- 
Taking into account the structure of row contractions (see [21]), [-^®If^(h„) ^\Af^i8)F^{H„)] is a contraction 
if and only if 

(4.27) ^\^f±^F2iH„} = {Da- ® /f2(h„))* 

for a unique contraction 5* : JV^ <E) F'^{Hn) T>A' <S> F^{Hn). Moreover, ^E* is unique. Since $ is a 
multi-analytic operator, i.e., ^{Im ^ Si) — {Lc ® Si)^, i = 1, . . . , n, so is its restriction ^\f^f±^p2j^fj„)j 
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I.e. 



Hence, we deduce that 



{Da- ® IF^H„))[^^{I^f± «) Si) ~ {Ivj,, ® S^)-^] ==0, i = 1, . . . ,n. 

Since Da' ® If^{h„) is one-to-one on T>a' ® F^{Hn), we obtain ^(/a/-^ -S'i) = (^X)_4. ® •S'i)^, i = 
1, . . . ,n, which proves that 5* is a muhi-analytic operator. According to [53] (see also [56]), ^ is the 
boundary function of a unique bounded free holomorphic function 5" G iSbaii(S(A/'"'", Py^.)). The proof is 
complete. □ 



Using Lemma 14.31 we obtain the following refinement of Theorem [ 

Remark 4.4. In Theorem \4.S\ there is a one-to-one correspondence between the noncommutative Schur 
class S^^ii{B{Va,'D (B'Da^^)) and the Schur class SbaiiiBlQ^VQ*)), given by the formula 

4- = {nP:F ® /) + [Dn- ® /)*i(Pe » /), 
where Q is defined by (j4.8p . Q := Va Q^, and 'Si G 5baii(-S(^,X'si*))- Consequently, Theorem \4.^ can 
be restated and the Schur class SI^^^^{B{'Da,T) (BV'"^^)) can be replaced by Si,an{B{G,'Dn'))- 

The following result is an addition to Theorem 14.21 

Theorem 4.5. Let B be a solution of the GNCL problem with the data set {A, T, V, C, Q}, let T be the 

contraction determined by B, and Q G H^g^^{B{'DA,T>)) be the free holomorphic function with symbol 



r. Then the restriction of the map Jr (defined by (|4.15p ] to S^g^-^{B{'Dr,'D^'')) is a one-to-one function 



onto the set of all functions 



L 

Ml 



the Schur class Sl^g^^{B{'DA,'D (BV^a ^)) and satisfying the equation 



Q{Z) = L{Z) 



Iva(SZ - ® Z,)M,{Z) 



i=l 



for Z:-(Zi,...,Z„)e[B(2)"]i. 



Proof. Since i? be a solution of the GNCL problem, T satisfies relation (|4.6p . Then F = Fg, where 8 

L 



is given as above and \1/ := 



Ml 



Mr, 



is in the noncommutative Schur class S^^^y{B{Va,'P' © P^'"*)). Due 



to Theorem 13.31 there exists a unique <& G iSbaii(S(^5r, ^'r"'')) such that Jr$ = By Lemma |4?T 



we deduce that $ G 5^,^,1 (i? (2?r, ^^p"'')) and the restriction of Jq to 5^jjn(i3(Pr, 2?p"'')) is a one-to-one 
function onto the Schur class ^^aiil^C-^-^' ® ^a'''))- The proof is complete. □ 

Using Lemma 14.31 we obtain the following refinement of Theorem 14.51 

Remark 4.6. In Theorem \4-.5[ there is a one-to-one correspondence between the noncommutative Schur 
class <S^jjj[(i?(I?r, ^r""*)) o,nd the Schur class 5baii(i^(^r, 2?a*))j given by the formula 

$ = {APjr^ (E)I) + (Dr* ® I)^i{Pgr «> I), 
where A is defined by (|4.1ip . Ga ■= T^t QJ'r, and $i G iSbaii(S(^7r, ^'a* ))• Consequently, Theorem \4-5\ 
can be restated and the Schur class S^^^^{B{T>r,v'^^)) can be replaced by iSbaii(5(^/r, 2^A* ))• 

Now, we consider a few remarkable particular cases. 

Corollary 4.7. Let {A,T,V,C,Q} be a data set. In the particular case when Qi = X and Ci — Ix for 
i — 1, ... ,71, Theorem \4-^ provides a description of all solutions of the multivariable generalization |50j 
of Treil- Volberg commutant lifting theorem j63j . 
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Let T := (Ti, . . . , r„), Ti e B['H), be a row contraction and let F := (Vi, . . . , V, G B(/C), be the 
minimal isometric dilation of T on a Hilbert space K. D H. Let Y :— {Yi, . . . , Yn), Yi E B{X), be a row 
isometry and let A G B{X, Ti) be a contraction such that TiA = AYi, i = 1, . . . , n. The noncommutative 
commutant lifting (NCL) problem (see [37]) is to find B G B{X,IC) such that ||_B|| < 1, 

P-^B = A, and V^B = BY^, i^l,...,n. 

A parametrization of all solutions in the noncommutative commutant lifting theorem (NCLT) in terms 
of generalized choice sequences was obtained in |41j . Using the results of this section, we obtain a more 
refined parametrization and, moreover, a concrete Schur type description of all solutions. 

Theorem 4.8. Let {A,T,V,C,Q} be a data set in the particular case when, for each i = l,...,n, 
Qi = X , Ci = Ix , Qi = Yi G B{X), and Y := (Yi, . . . , y„) is a row isometry. Then any solution of the 
of the NCL problem is given by 



(4.28) 



B = 



TDa 



where V : Va T) ® F'^{Hn) is the symbol of a free holomorphic function G -ffbaii(^(-^-4' ■^)) S™^iT' 



(4.29) e{Z) = L{X) 



for (Zi,...,Z„) G [B(Z)"]i, 



where 5' 



L ' 
Ml 



is an arbitrary element in the noncommutative Schur class Sl^g^^{B('DA,T> (B D^^^)) 



Moreover, the solution B and the Schur function Vl/ uniquely determine each other via the relations (|4.28|) 



and (j4.29[) . There is a unique solution to the NCL problem if and only if T 
where J- and VL are defined by (14. 7p and (|4.8p . respectively. 



Va or VlT = V ®V 



(n) 



Proof. The first part of the theorem follows from Theorem 14.21 To prove the second part, let i? be a 
solution of the NCL problem, let F be the contraction determined by B, and G H^^^^{B{T>a,'T>)) be the 
free holomorphic function with symbol F. Due to Thcorcm l4.5[ to prove that B and 5* uniquely determine 
each other, it is enough to show that S^g^^{B{V^,T>^^)) has just one element. Since (Yi, . . . ,Yn) is a 
row isometry, the operator f2 (see ()4.8|) ') is an isometry and, consequently, so is A. From the definition 
of A (see ()4.1ip ). we deduce that the range of fl coincides with T>^j^\ Therefore, A : Tr ^?a"^ ^ 
unitary operator. Consequently, 2?a* = {0}. According to Remark l4.61 we deduce that ShaulBiQr.VA*)) 
is a singleton and, therefore, so is 5{^jjn(-B(Pr, ^'r"'))- Therefore, we have proved that any solution B 
corresponds to a unique Schur function 4". Now, due to Remark I4.4[ there is a unique solution of the 
NCL problem if and only if Sha\\{B{Q, Vq* )) = {0}. The latter equality holds if and only if ^ = {0} or 



T^Q' = {0}. Since is an isometry, the condition Vq* = {0} is equivalent to flj-' ■ 
is complete. 



Vi 



)r>^"^ The proof 

□ 



We remark that one can easily obtain a version of Thcorcm l4.8l in the more general setting of the NCL 
problem when the row isometry (Yi, . . . , Y„) is replaced by an arbitrary row contraction. 

Another consequence of Theorem 14.21 is the following multivariable version [50j of the weighted com- 
mutant lifting theorem of Biswas- Foia§-Frazho 7 . 

Corollary 4.9. Let T (Ti,...,T„), T, G B{n), be a row contraction and let V := (l/i,...,K), 

Vi G B{IC), be the minimal isometric dilation of T on a Hilbert space ]C D Ti.. Let A G B{X,'H) be such 
that A* A < P, where P G B{X) be a positive operator. Let Y :— (Yi, . . . , Y„), Yi G B{X), be such that 
[Y*PY, 



J \nxn 



> 



and 



T,A = AY„ 1^1,... 
Then there exists B G B{X, JC) such that PnB = A, B*B < P, 

V,B = BY, i = l,..., 



n. 

ana 
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Proof. Let X := P^/'^X. Since A* A < P, there exists a unique contraction A : X ^ Ti, satisfying the 
equation A = AP^I"^ . The condition TiA = AYi, i — 1, . . . ,n, imphes TiACi — AQi, i — 1, . . . ,n, where 
C, = and Q, = P^/^Yi : X ^ X for i = 1, . . . ,n. Applying Theorem [H we find a contraction 

B:X->1C such that PhB = A and V,BC., = BQ, for i = 1, . . . , n. Setting B := BP^/'^, we have 

V,B = V,BC^ = BQ, = BP^/^Y, = BY, 

for i = l,...,7i. Note also that PuB = PuBP^/^ = AP^^^A. Since i? is a contraction, wc have 
B*BP^/'^B*BP^/'^ < P. This completes the proof. □ 

In a future paper, we apply the results of the present paper to the interpolation theory setting to obtain 
parametrizations and complete descriptions of all solutions to the Nevanlinna-Pick, Caratheodory-Fejer, 
and Sarason type interpolation problems for the noncommutative Hardy spaces iJ^^n and iJ^aiii well 
as consequences to (norm constrained) interpolation on the unit ball of C". 
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